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ABSTRACT

PAPER INFO
Instabilities of a thin viscous film flowing down a uniformly heated plane are
History: investigated in this study. The heating generates a surface tension gradient that induces
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Accepted 30 March 2015 free surface. Moreover, the heat transfer at the free surface plays a crucial role in the
evolution of the film. The main objective of this study is to scrutinize the impact of
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' mechanism. Using the long wave expansion method, a generalized non-linear
Thin film evolution equation of Benney type, including the above mentioned effects, is derived
Marangoni instability for the development of the free surface. A normal mode approach and the method of
Biot number multiple scales are used to obtain the linear and weakly nonlinear stability solution for
the film flow. The linear stability analysis of the evolution equation shows that the
Biot number plays a double role; for Bi < 1 it gives destabilizing effect but for Bi > 1 it
produces stabilization. At Bi = 1, the instability is maximum. The weakly nonlinear
study reveals that the impact of Marangoni number Mr is very strong on the
bifurcation scenario even for its slight variation.
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1. Introduction presence of temperature gradient, the free surface

experiences the surface tension gradient or
Marangoni stress. Such stresses can generate
thermocapillary force and interfacial instabilities.
Thus, any slight variation in the temperature could
lead to the growth of instabilities that could disrupt
the entire coating layer.

Convective instabilities driven by buoancy
(Rayleigh-Benard) and  /or  thermocapillary
(Marangoni) effects are very important and
fascinating problems in fluid mechanics. In thin
liquid film buoyancy stabilizing mechanisms are
negligible while thermocapillary instabilities become
dominant. In industry the Marangoni effects have been
utilized in a process known as Marangoni drying
[1, 2]. The main advantage of this drying process is
the processing speed. It has an extensive use in
semiconductor industry to dry silicon wafers. An
extensive review of literature on non-isothermal free
surface flows, in various context, can be found in
Oron et al. [3], Nepomnyashchy et al. [4], Colinet et
al. [5] and Velarde and Zeytounian [6].

In many industrial and technological applications
such as coating and microfabrication processes or
microelectromechanical systems etc., the temperature
gradient is applied to control flow of the liquid in
order to impose uniform thickness of the liquid
layers on the solid surface. Since surface tension is a
temperature-dependent property of the liquid, in the
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In the context of thin film, Goussis and Kelly [7]
first investigated the thermocapillary instability in a
liquid film falling down on an inclined uniformly
heated plane. They performed linear stability
analysis based on Orr-Sommerfeld and linearized
energy equations. They examine the occurrence of
thermocapillarity, surface wave instability and detect
three different mechanismsby which energy is
transferred to the disturbance. Depending on any of
these three mechanisms is the dominant one; the
instability will first assume the form of either
transverse waves or longitudinal rolls. Joo et al. [8]
investigated the long wave instability of a uniform
film of volatile viscous liquid falling down a
uniformly heated inclined plane for two-dimensional
disturbances taking into account the surface tension,
thermocapillary and evaporation effects. That study
is actually an effective extension of Benney’s [9]
long wave expansion for non-isothermal film flow.
However, in the relevant evolution equation, known
as ‘Benney equation with Marangoni effect’ in the
literature, the terms depending on the Marangoni
number are of second order in comparison with those
due to gravity and mean flow. They applied the
linear and nonlinear stability theory to analyze the
competition among different types of instabilities
and obtained similar results as those of Goussis and
Kelly [7].

A considerable amount of study has been focused
on the long wave instability for a liquid film flowing
down a uniformly heated plane (see for example
Boos and Thess [10]; Kalliadasis et al.[11];
Trevelyan et al. [12]; Scheid et al. [13]; Ruyer-Quil
et al. [14]; Scheid et al. [15]) and also for no
uniformly heated plane (see for example Miladinova
et al. [16, 17]; Mukhopadhyay and Mukhopadhyay
[18]) and related studies that extend these analyses
(see for example Yeo et al. [19]; Saprykin et al.
[20]). Out of these studies Scheid et al. [13]
examined the validity domain of the Benney
equation with Marangoni effects. They find that the
thermocapillary can strongly reduce the validity
domain of the Benney equation. They also ensure
that the Benney equation still remains helpful to
study thin film flows with various physical effects as
it allows describing the film evolution by a single
equation with various relevant parameters, in spite of
some limitations in its validity domain.

In the present study we have derived a Benney
type equation with Marangoni effect and specially

discussed the effect of Biot number which describes
heat transfer at the free surfaceon the thin film flow.

The rest of this study is organized as follows:
Section 2 describes the formulation of the problem
and derivation of the free surface equation. Section 3
is devoted to linear and weakly nonlinear stability
analysis of the problem considered followed by
concluding remarks.

2.Formulation of the Problem

A thin viscous liquid film of density p, dynamic
viscosity p, thermal conductivity krand surface
tension ¢ flowing down a uniformly heated plane of
constant temperature distribution T,,is considered.
The thin liquid film is bounded by ambient air of
temperature T, and pressure P, and its inclination to

the horizon is6(0 < 6 < g). The dynamic influence

of the air above the film is ignored. Also, the plane is
assumed to be a perfect heat conductor. The
temperature difference between the plane and the
bounded air induces a thermocapillary Marangoni
effect which affects the free surface and the flow of
the liquid. The surface tension of the liquid is
assumed to vary linearly, within the range of small
temperature difference as:

a(T) = g, = y(T = Ty), @)

Where ayis the surface tension at T,, which is
taken as the reference temperature and y =
—60/6T|T=Tg, the thermal surface tension

coefficient is a positive constant for most common
fluids. The assumption of linear variation of surface
tension with temperature is much compatible with
the experimental data for many fluids (O’ Brien [2]).
The other properties of the liquid such as density p,
kinematic viscosity v = u/pand thermal diffusivity
k =kr/(pC,) with C, the specific heat at constant
pressure etc. are assumed to be constant. Although it
is well-known that the temperature variation in the
liquid can cause dramatic changes in the above
mentioned properties, so approximation can be made
depending on the type of the problem being
examined. The heat transfer coefficient from the
liquid to the air is denoted by k,. A rectangular
coordinate system is chosen where the x —axis is
along the inclined plane and z —axis is normal to the
inclined plane. The main objective of this study is to
examine the effect of heat transfer at the free surface
on the stability characteristics of the liquid film.
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The governing equations are the conservation of
mass, momentum for the fluid flow and energy
equation for the temperature field

V.V =0, (2a)
p(0v + (v.V)v) = =Vp + uV?v + pg, (2b)
0,T + (v.V)T = kV?T, (20)

Where V= (9/0x,0,0/0z),v = (u,0,v) is the
velocity vector, g= (gsin6,0,—gcos8) is the
gravitational acceleration and T denotes the absolute
temperature.

The boundary conditions are the usual no — slip
condition and the constant temperature distribution
as the thermal boundary condition on the inclined
plane (z = 0) :

V=0, (3a)
T=T, (3b)

At the free surface (z = h(x,t)), dynamic and
kinematic conditions along with Newton’s law of
cooling as the thermal boundary condition are,

n.t.t =V,.t, 3o
po +n.t.n=—-0(T)V.n, (3d)
0:h+v.V(h—2) =0, 3e)
keVT.n+ ky(T —T,) = 0, 3N

Where n and t are unit vectors along the normal
(outward pointing) and tangential to the interface
respectively and T = —pl + 2ue is the stress tensor
with the rate of strain tensor e = (Vv + VvT)/2.

For writing the problem in dimensionless form,
the dimensionless quantities are defined as:

x =1l,x* (h,z) = ho(h*,z"),t = (I, /u,)t*, u
=u,u’,

v = (houo/l)v",p = puozp*,T = Tg +
T*AT,AT =T, —T,, (4)

Where we assume |, as the characteristic
longitudinal length scale whose order may be
considered the same as the wave length A, the mean
film thickness h, as the length scale in transverse
direction and the Nusselt velocity wu, =
ghé sin 0 /3vas the characteristic velocity.

Using the dimensionless quantities (4) in the
governing equations and boundary conditions (2-a) -
(3-f) we arrive after dropping the asterisk as:

U, +v,=0 (5)

e(u; + uu, + vu,) = —ep, + sinfFr=1 +

Re™ ! + (uy, + v,,), (6)
e2(vy + uv, + vv,) = —p, — cosOFr~1 +

sRe™1(%v,, + Uuyy,), @
eRePr (T, + uT, + vT,) = €?Ty, + T, 8)

(I1) Boundary conditions at the inclined plane
(z=0):

u=v=0andT =1 9)

(111) Boundary conditions at the free surface
(z = h(x, 1)) :

[(uz + Ezvx)(l - gzhazc) - Zfz(ux - vz)hx](l +
e2h2) V2 = —eMr (T, + h,T,), (10)

Do — P + 2eRe Y [e?uh2 — (u, + ?v)h, +
v,](1 + £2h2)"! = 2We(T, + h,T,), (11)

(T, — €2h,T,)(1 + €2h?)"Y2 + BiT =0, (13)

WhereRe = (ugh,/v) is the Reynolds number
and We (= a,/pug?hy) is the weber number; Fr
(= ug?/ghy) is the Froude number (which is related
with Reynolds number as sin 8 /Fr = 3/Re), Pr(=
v/k) is the Prandtl number Mr (= yAT /uv,) is the
Marangoni number, Sr (= yAT /a,) is the surface-
tension number, Bi (= kg h,/kr) is the Biot number
and € = hy/1, is the aspect ratio.

It is assumed that the Reynolds number is O(1),
Weber number is 0(1/5%), Marangoni number is of
order 0(1/¢), Surface-tension number isO(¢), the
Prandtl number is O(1), and the Biot number is
0(1): An estimation of the dimensionless parameters
is given in appendix 1.

The complexity of the free surface problem posed
by equations (5) -(13) can be overcome by invoking
long-wave (lubrication) approximation for & « 1.
This provides us an opportunity for asymptotic
reduction of the governing equations and boundary
conditions to a single non-linear partial differential
equation of Benney [9] type, in terms of the local
film thickness h(x, t). A comprehensive review on
long-wave approximation method can be found in
Chang [21] and in many other studies. Introducing
the stream functioniy, defined by

u= 1/)Z'U = _IIJXI (14)

in the governing equations and the pertinent
boundary conditions (5)- (13) and considering the
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above mentioned orders of the non-dimensional
parameters, we obtain

lpzzz =-3+ €R€(px + lptz + 1pzlnbxz - lpzwzz) +
0(e?), (15)

p, = —eRe 1, — 3cotdRe™' + 0(e?), (16)
T,, = SPe(Tt +,T, — lprz) + 0(82)' (17)

Yv=v¢,=¢,=0T=1atz=0, (18)
VY, = —eMr(T, + h,T,) + 0(e?)atz = h(x,t),
(19)

p =

Do — €2Wehy, (1 4+ StT) — 2eRe Y (h, P, +

wxz) + 0(82)(11:2 = h(x’ t)! (20)
T, + BiT + 0(&?) = 0 atz = h(x, t) (21)
he + hp, + P, = 0 atz = h(x,t), (22)

Where Pe = RePr is the Peclet number for heat
transport that measures the relative importance of
conduction over convection, which is of 0(1)
according to our assumption.

We are now interested in yielding a non-linear
evolution equation in terms of non-dimensional film
thickness h(x, t), depending on the dimensionless
spatial and temporal variables x and t.The equation
would represent the spatiotemporal dynamics of the
two dimensional liquid filmof a mean thickness hy.
Since the long -wave length modes are the most
unstable ones for film flow, expanding the physical
quantities ¥, p and T as a power series,

Y =1 +eP, +-,p=po+ep, +--and
T=T,+eT, +

and substituting the above into the governing
equations (15)-(17) and the boundary conditions
(18)-(21) and then collecting the coefficients of like
powers of &, the zeorth and the first-order equations
are obtained as :

1) Zeorth order equations:

lpOZzz = -3, Poz = —3cot QRe_l, TOZZ =0, (23)

Yo = Pox =Yg, =0,Tp =1onz =0, (24)
lI)OZz = _Mr(Tx + hJCTZ)'TOZ = _BiTOJ Po =
Do — €2 Weh,onz = h(x,t), (25)

I1) First-order equations:

Wizzz = Re(pox + Yotz + YorWPoxz — lpOxlpOZz)'
(26)

P1z = _Re_llp()xzz, (27)
lez = Pe(TOt + lpOZTox - 1I)OJCTOZ): (28)
1,01 =1/)12=0,T1 =OatZ=0, (29)

lplzz = _Mr(Tlx + thlz)atZ = h(x: t): (30)

p1 = —e*Weh, SrTy — 2Re ™ (hp,, +
¢0xx)atz = h(x, t), (31)

Now solving the equations (23)-(32) the zeroth
and the first-order solutions are obtained as:

(1) Zeorth order solutions:

_ 1 MrBi 2 1 3
Yo = 5{3}1 + (1+Bih)2 h"}z —37 (33)
Bi
To=1-Tm (34)

Do = Pg — £2Weh,, — 3 cot@Re 1(z — h). (35)

Let us note that the thermocapillarity influences
the longitudinal velocity u, = (0y,/dz)even at the
zeroth order approximation.

(1) First-order solutions

Yy = a12% + a,2% + azz* + a,2°, (36)
Ty = byz + byz3 + byz* + b,z5, (37)
p1 = ¢+ ¢y2, (38)
Where  a;(i = 1,2.3,4),b;(i = 1,2,3.4), ¢;(i =

1,2) are given in the appendix 2. Substituting 1,
and i, into the kinematic boundary condition (22)
we obtain a nonlinear generalized kinematic equation
in terms of the surface deformation h (x,t) as :

he + A(Why, + [B(W)h,, + £C(W)hyy +
2D (M) sy + €E(R)R2 + €2F (h) hyhyy +
E2F (W2 + 2F (W) hyhyy, + £2G(W)R3], = 0, (39)

and the suffixes denote the differentiation with
respect to the corresponding variables,

A(h) = 3h?,

B(h)—h3[ (0 + KR ]+ MrBin”
ST T e e T o + Bin)?
cry = MR [Pe(15 — 7Bih) + 57Re(1
) = g0+ Bine et ih) e(

+ Bih)]
D(h —1R h3 |[We + SMr°Bi® s
(h) = 3Reh™ |\ We + T Binys
1 3 — Bih
—P M ZB'Z— 6
T ag PeMT B iy
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MrBihS
120(1 + Bih)S
+ 109Bi%h? + 214Bi*h*)
+ 9Re(1 + Bih)2(22 + 3Bih)],

E(h) = [Pe(90 + 90Bih

Mr2Bi%h® , ,
F(h) = 36 [5Pe{6 — 17Bih + 8Bi%h?

120(1 + Bih
+ Bi3h3 + 6Bih(1 + Bih)?}
+ 2Re(33 + 16Bih
— 17Bi?) h?],

ReMr?Bi%h*
120(1 + Bih)®
+ 50Bi3h3)
PeMr?Bi3h’
"~ 12(1 + Bih)?
+ 6Bi2h3 + Bi*h*).

G(h) = (25 — 82Bih + 18Bi2h?

(8 — 3Bih

The equation (39) is Benney equation with
Marangoni effect and is similar to the equation that
is derived by Joo et al. [8] for uniformly heated
plane(in the absence of evaporation effects
/intermolecular forces) but it contains some
additional terms with coefficients C(h), D(h), E(h),
F(h) and G(h) which are responsible for
thermocapillary effects only. The other terms are
also modified by the thermocapillarity.

Let us point out here that the Biot and Marangoni
numbers appear in the equation (39) in such a way
that the limit of Mr — 0 or Bi — 0 leads to the
evolution equation corresponding to that of
isothermal case. A close scrutiny shows that if any
one of them tends to be zero, other will also tends to
be zero, in this case. The reason is that, for Mr — 0
implies T,, = T, and so there is no temperature
gradient across the interface and consequently no
heat transfer takes place through the interface and so
ky— 0 implies that Pi — 0. On the other hand, using
equations (34) and (37), Bi —0 implies that T =
To+&Ty +--=1 which implies that the
temperature is everywhere uniform and equal to the
wall temperature. Therefore, T4 = T,,, which leads to
Mr — 0. This is not true in general because the two
parameters represent the different and unrelated
physical processes. The Marangoni number may not
be zero, even if there exists a temperature gradient
across the film, even for vanishing Biot number, as
discussed by Mukhopadhyay and Mukhopadhyay
[18].

3. Stability Analysis

The variation of the film thickness in the basic
flow is found to be very small, so it is reasonable to

assume that the local dimensionless film thickness is
equal to one. Thus, the dimensionless film thickness
in the perturbed state may be written as

h(x,t) =1+ n(x,t) (40)

Where n « 1 is the dimensionless perturbation of
the film thickness. Setting the transformation as

t = ctandx = €% (41)

and using equations (40) and (41) in equation
(39), and retaining the terms up to the second-order
fluctuations after dropping the tilde sign can be
written as

Ne + ANy + By + Cllge + Dlyers + AT,
+ B (Mx)x + € (Mxx)x
+ D (Myxa)x + 2EN Ny

1.,
+ F(nxnxx)x + EA 77277x
1., 1., .,
+ 5B (" 0)x + 50 (1 N0

1., 1.,
+ED (77 7’]xxx)x +EE (nnx)x

+ F' (M) x + 360205y
+0@mY =0. (42)

Where A, B, C, D, E, F, G and their
corresponding derivatives, which are denoted by the
primes, are evaluated at h = 1. Equation (42)
characterizes the behaviour of finite amplitude
perturbation on the thin viscous film and it is used to
signify the time sapient behaviour of an initially
sinusoidal perturbation on the viscous film.

Let us note that the assumption of constant film
thickness with long wave perturbation for the basic
flow as used in equation (40) is judicious one, for
otherwise if we take h(x, t) = hg(X)+n(x, t) instead of
equation (40), where hg(x)is the time-averaged part
of h(x, t), then to obtain equation (42) we have (i)to
neglect the derivatives of the averaged film thickness
hg(X)with respect to x in the unsteady equation and
thence (ii) to allow hg(x)— 1 in the unsteady
equation. The first assumption corresponds to the
parallel flow approximation and the second leads to
the restriction that the unsteady equation (42) is only
locally valid.

3.1.Linear stability analysis

Following standard linear stability analysis [18],
we are interested to study the linear response for a
sinusoidal perturbation of the film by assuming the
perturbation of the form

n(x,t) =Texpli(kx — wt)] + c.c (43)
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Re —

Fig.1 Variation of Re, for different Bi and for 0=7/3,
=5.5in

Where T is the amplitude of the disturbance and
c.c represents the complex conjugate. Here the wave
number k is real and w = w, + iw;is the complex
frequency. Using equation (43) in linearized part of
equation (42), we get the dispersion relation as

D(w, k) = —iw + iAk — Bk* —iCk® + Dk* =0

(44)

Equating the real and imaginary parts of equation
(44), we get

w, = Ak — Ck3 (45-a)
and
w; = Ak? — Dk* (45-b)

The onset of instability can be obtained by
equating w; to zero, which gives the critical
condition.

MrBi

6
5 Re + 2(1+Bi)?

= Cotf (46)

The expression (46) has also the same functional
form as the one derived by Kalliadasis et al.[11]
except the possible difference, as that is calculated
by momentum integral method.

The above relation (46) defines the critical
Reynolds number

S5cotf SMrBi
Re; = 6 12(1+Bi)? (“47)

Above which the flow loses stability.

Fig.1 depicts the variation of the critical Reynolds
number with the Biot number for different
Marangoni numbers. The figure reveals that
increasing Marangoni number Mr decreases critical
Reynolds number Re.i.e. Marangoni number

enhances the destabilizing mechanism which is
compatible with the results found by Mukhopadhyay
and Mukhopadhyay [18]. Also, the figure shows that
Re. decreases with increasing Bi and reaches its
minimum value at Bi =1 and then increases with Bi.
Thus within the range 0 < Bi < 1 instability increases
with Bi. This is due to the fact that in this range of Bi
heat conduction in thefluid region is more
comparable to that of the surrounding air, as a
consequence interface will be excited more and more
with increasing the Bi. At Bi = 1, Re, is minimum or
in other words destabilizing effect is maximum. This
is due to the fact that for Bi = 1 free surface behaves
as a thermally insulated one and therefore no heat
transfer takes place through the interface or in other
words thermal energy is conserved within the fluid
layer and so thermal excitement reaches its optimum
stage or we can say that for Bi = 1, there is
maximum room for interfacial perturbation.

The stabilizing mechanism of Bi in the range Bi >
1 can be fairly understood as in this case the
surrounding air is more conducting than that of the
fluid, as a consequence the thermal energy is wiped
out quickly from the interface.

Let us draw our attention to the fact when Mr — 0
or Bi — 0, Re. = (5/6) cot 8, which is the critical Re,
for isothermal viscous film flowing down an inclined
plane under the action of gravity only.

The neutral stability condition w; = 0 gives two
relations

k=0, (48-a)
and

. 1/2
k= [ (3Re + 511557 — cot6) ] (43-b)

0.085—

Fig. 2 Variation of Kn for different Bl and for 0=nl3,
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=5.5in

Fig. 3 Variation of @; for different K and for

O=x/3, Mr=3, Pe=1, We=5and Re=2.
=5.5in

Which correspond to two branches of the neutral
curves and the flow instability takes place between
them. Further the neutral curves intersect at the
bifurcation point Re = Re_k = 0. The wave number
of the waves with a maximum growth is obtained
from the relationdw;/dk = 0, which gives k,, =

kn/V2.

Fig.2 shows the variation of the neutral curve k,
with Bi for different Marangoni numbers.It is clear
from the figure that as Mr increases k, also increases.
Moreover, as Bi increases k, also increases and
reaches its maximum at Bi =1 and then decreases
with increasing the Bi. This result confirms the
behaviour of Bi as discussed earlier to explain the
Fig.1. Fig.3 depicts that the growth is maximum at
Bi =1, as expected.

In the next section we are interested to study the
growth of weakly nonlinear waves and therefore we
need to consider two or more characteristic times
scales for different orders of magnitudes. As a rule,
problems of this kind cannot be solved by means of
classical perturbation method and the method of
matched multiple scale expansions is also
insufficient.

3.2. Weakly nonlinear stability analysis

Now we are interested to study those small
amplitude waves which develop immediately just
after the breakdown of the flat film solution n = 0.

From the linear stability analysis we see that in
the neutral state all modes are neither stable nor
unstable and thereforew; = 0, which corresponds to
two branches of the neutral curve and the instability
takes place between them. Furthermore, the neutral

curve intersect at the bifurcation point (Re.,O0).
Thus, one expects in the vicinity of the upper branch
of the neutral curve, a thin band of width ¢ «1 (say)
of unstable modes around a central one which
appears over a time 0(¢™2) such as w;~0(¢?).
Therefore, the main features of the system behaviour
can be obtained from an analysis of these modes and
so the nonlinear evolution of the waves is
investigated in the region where w;~0(g?).

The above expectation, together with the
anticipation that the wave packet may travel at a
group velocity of order one, suggest a scale

X, = ¢x,t; =ct, t, = ¢%t, ... (49)

for the multiple scale analysis as outlined in
Debnath [22]. Here t and x are fast scales, whereas
X1, t; and the rest are slow scales. It is assumed that
these variables are mutually independent, so the
temporal and spatial derivatives become

0y = 0, + ¢0;, +¢%0;, + ---andd, = 0, +
COxy + -+ (50)

Now, the surface deformation is expressed as

N, Xy, -ttty ) = ¢y + 620, + ¢z + -
(51)

Using equations (49), (50), (51), in equation (42)
we get

(Lo + 6Ly + 2Ly + ) (sny + ¢%nz2 + ¢33 +
) = _CZNz - C3N3 — (52)

Where L, Ly, L, etc. are the operators and Nj, N3
are the nonlinear terms of equation given in the
appendix 3.

In the lowest order of ¢, we have
Lony =0 (53)
Which has a solution of the form
N = D(xq, t, t5)[expi O] + c.c (54)

Where ©=kx —w,t. and c.c. denotes the
complex conjugates. It is to be noted here that the
above solution given in equation (54) is already
obtained in connection with the linear stability
analysis except wis replaced by w,t, since in the
vicinity of the neutral curve w; = 0(¢?), so that the
function exp(w;t) is slowly varying and may be
absorbed in T'(xq,t;,t,).In the second order, the
perturbation system yields

Long = —Ling — N, (55)
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Fig. 4 Variation of J, for different Re and for
0=rl/3, Pe=6, We=100, Bi=0.1and k =0.1.
=5.5in
Invoking equation (54) in equation (55) we have
Lony = — [% + H, % Ie'© +Q,I%e*C +c.c
1 1
(56)

Where c.c. denotes the complex conjugate and the
notations H,, Q; are given by

HZ = HZr + lHZl = (A - 3Ck2) + ik(zB - 4Dk2),

Q, = k(2B — 2D'K? — 3Fk?)
+ ik(=A"+ 2C'k? + 2Ek?).

The function Thas the functional form I =
I'(x; — H,ty,t,), since we consider modal
interaction near the neutral curve such that H,; =
2k(B — 2Dk?) = 0(¢). It is to be noted here that the
secular condition leads to the requirement that the
wave envelope must propagate at the speed Hy
which turns out to be the group velocity, sincedw,/
dk = A — 3ck? = H,,. Eliminating secular terms
the solution for 1, is obtained from equation (56) as

n, = HI?e?© + c.c (57)
Where

Q1
4k2(4k2D — B) — 6ik3C

ﬁ1 = ﬁlr + iﬁu =

Substituting n, and n,in to the equation (52) of
third order in ¢3 after elimination of its secular term
gives

ar .. ar ' . a%r
a—t2+lVE—a)iF+(]1r+l]1i)ﬁ+
(]2 + i]4)|F|2F =0 (58)

Where

w; = ¢ 2wV = 2¢7 k(B — 2k?D), J;,
= B — 6k?D, J,; = 3kC,
Jo = —kA'Hy - k* (B'Hy, +1B") +
k3(5C' — 4E)Hy; + k* [(7D' — 6F)H,, +3D" +
F'=3G|,  and

o 1., e
Ja = —k(AH;, +§A ) — k?B'Hy;

) ~ 5 .
+ k3 [(sc —4E)H,, — SC'+ E'
+ k*(7D" — 6F)H,;
Using the transformation

l"(951,152) = exp(iqx)y (xy, t3)

and = #
q 2(J1r+iJ10)

in the equation (58)we get,

ay & K ; 2%y
a_tz ty [4(]1r+i]1i) wi] + Ulr + lJli) ax? +
U2+ JlylPy =0, (59)

Which is standard Complex Ginzburg-Landau
Equation (CGLE). In a different context CGLE is
derived by Dandapat and Samanta [23] from second-
order Benney equation.

To find the linear stability of the amplitude
equation (58) we first linearize the equation at about
I' = 0and then following the normal mode analysis
substitute I' = constant X exp(wt, + ikx;)with
complex growth rate w and wave number k, both
dimensionless, in the linearized equation, then we
get the dispersive relation

o= w;+kV + (Jiy + iJ1)k? (60)
The disturbance grows with time about I' = 0 if
w, = w; + kV + J;.k? > 0. (61)

To satisfy the above inequality the wave number
k must be of the following forms

20;

: (62)

Iv2—4jlrwlf—v

for w; > 0 or

k<k0=

—2w;
kl < k < kz'kl = ,kz

V- /VZ — 4, w;

—2w;

v+ /VZ — 4,0,




A. Mukhopadhyay/ JHMTR 3 (2016) 77-87 85

for w; < 0

In the nonlinear regime the stability
characteristics of the perturbation dynamics solely
depend on the sign of J,. If the sign is J,> 0, then the
disturbance amplitude decays withtime in the
unstable region. This is the case of a supercritical
bifurcation. On the other hand, if the sign is J,<
0,then the disturbance amplitude grows with time in
the stable region.This is the case of a subcritical
bifurcation. Careful observation of the fig. 4 shows
that increasing the Marangoni number Mr
diminishes the supercritical bifurcation zone and its
influence is very strong and significant. It is
interesting to note that there is a critical value of
theReynolds number Re = 1.7before which J,
increases with increasing the Mr while it behaves
just opposite after this critical value of Re.

4. Conclusion

The stability of a thin viscous film flowing down
a uniformly heated plane is investigated by long
wave expansion method. Special attention is given to
scrutinize the effect of Biot number on the instability
mechanism. Based on the above analysis given in
sections 3.1 and 3.2 the following conclusion can be
reached.

(1) The linear stability analysis of the evolution
equation shows that the Biot number playsa double
role; for Bi < 1 it gives destabilizing effect but for Bi
> 1 it produces stabilization. At Bi = 1 the instability
is maximum. The linear stability analysis also shows
that  increasing the  Marangoni number Mr,
decreases the critical Reynolds numberRe, i.e.
Marangoni number enhances the destabilizing
mechanism.

(2) The weakly nonlinear study reveals that the
impact of Marangoni number Mr is very strong on
bifurcation scenario even for a slight variation.
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Appendix 1

To make the assumption of the order of the
dimensionless parameters realistic, we like to
estimate the approximate ranges of the parameters by
considering some real physical data. We have
calculated the mean film thickness of the film from
the relation h, = (3v2Re/gsinf)'/3by setting a
fixed Reynolds number Re andAT = 0.5 — 10k. The
physical data (collected from Yeo et al. [19]) and the
estimated value of the relevant parameters are given
in TABLE I andll below.

Convincing from the estimated values of the
parameters given in Table Il we assume that the
Reynolds number is O(1), Weber number is0(1/¢2),
Marangoni number is of orderO(1/¢), Surface-
tension number is O (), the Prandtl number is O(1)
and the Biot number is O(1).

Table.l Typical values for the relevant physical constants

for water/silicon oil 50 cS

Physical constant Symbol Typical values
Inclination angle 0 /3
Density p 103kgm™3
Kinematic 6. 2.—1
viscosity v 1.12 X 10™°m*s
Acceleration due 2
to gravity 9 98 ms
Thermal k 0.15
conductivity T - 0.6 Wm k!
Specific heat at —1p—1
constant pressure Cp 4182 kg™ K
Hagg st | s
g _ -27,-1
coefficient 2000 Wm~k
Surface tension o 3.6 —7.34
of the liquid 0 X 1072Nm™1
Thermal surface
tension y 5x 107 3Nm~ 1kt
coefficient
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Table.ll Typical values for the relevant dimensionless

parameters for water/silicon oil 50 ¢S

Dimensionless | Symbol Definition Typical
values
Aspect ratio £ ho/l, 1072
Reynolds
number Re uoho/v 0'10
Weber 5
number We 0o/pughy 0-450
Marangoni
number Mr YAT [uuy 0-88
Surface-
tension Sr yAT /o, 0-0.006
number
Prandtl
number Pr v/k 0-7.1
Biot number Bi kgho/kr 0-100
Appendix 2
1 1 5 3cotl
a, = Elplzzlz:h + Re Eh (8 Wehxxx + Thx)
3
1 (1 + Bih),, — Bih2
— 12 xt
M B T iRy
3 1 MrBi
I " hK3i2
2 A B
1 (1 + Bih)h,, — 2Bih?
_ .14 XX X
g MrBih (1+ Bik)?
1 Mr?Bi%h3

T1212(1 + Bih)S hy{hee (1 + Bih)

- ZBih,%}]

a, = =[3cotOh, — e2WeReh,.]

Q= =

1 (14 Bihy — ZBih,%]
az =

Re [ht + §MT‘BL 1+ Bih)?

1 MrBi

3
_ - _ 2
@ = Re [40 hht oo T BunE =

1 (1 + Bi)hy, — 2Bih?
— MrBi
oM Bt Bine
L1 MR «
120120(1 + Bih)S *

+ Bik}hy, — 2Bih%)

Pbi  [Bi(3 + Bih)

1= {1+ Bih)?| 6(1 + Bih)
| BiC5 +7BiR)

40(1+BiR) X

MrBi2(Bih)

12(1 + Bih)?

h2h,

h3h2

1 3
K3 1 —
+12h (4+Blh){2hx

1 hax(1 + Bih)2Bih%
+=MrBi xxl ) "}]

2 (1 + Bih)3
. P,Bi? N
27 6(1+Bih)2"
b P,Bi Bi h{ +MrBih}
37121+ Bin) |(1 + Bin) ¥ 1+ Bih? *
3
+ > hy
1 hy(1 + Bih) — 2Bih?
M iRy
b = 3Bi2 A
* 7 40(1+Bih)?2 %
B e?WeSr L
‘=T A+ Bin ™
Re-t | ZMTBL 4o s
¢ |a+Binz™ %
hyy(1 4 Bih) — 2Bih2
+ MrBi 1+ Bih)? h
hy,(1 + Bih) — 2Bih2
—_ -1 L TEXX X
¢y = —Re [3hx + MrBi 1+ Bih)?

Appendix 3
a a a2 a3 a*

L,=—+A—+B—+C—+D—
TR PR PR e
L—a+Aa+ZB o +3C o
T8t ax Axdx, 9x20x,
4
4D ——
+ 0x30x,
L, = 0 +Baz +3C o +6D 0"
270t 0x2 dx0x? dx20x?’
ony a2771 ony 2 63771
N, =An,—=+B’ L) 1¢
2 & 6x+ & 0x2+<8x) ¢'m 0x3
any 0%,
dx 0x2
04711 ony 63771
D' |n,—=+ 22
+ [771 dx*  Ox Ox0x3
on, 6 on ' _on &
w2eZhh | h 4 dh T
OX OX? ox? ox ox®



A. Mukhopadhyay/ JHMTR 3 (2016) 77-87 87

References

[1] J. Marra, J. A. M. Huethorst, Physical principles
of Marangoni drying, Langmuir, 7, 2748-2755
(1991).

[2] S. B. G. M. O’ Brien, On Marangoni drying :
nonlinear kinematic waves in a thin film, J.Fluid
Mech., 254, 649-670 (1993).

[3] A. Oron, Nonlinear dynamics of thin evaporating
liquid films subject to internal heat generation, In
Fluid Dynamics at Interfaces (ed. W. shyy and R.
Narayanan), Cambridge University Press, (1999).

[4] A. A. Nepomnyashchy, M. G. Velarde, P.
Colinet, Interfacial phenomena and convection,
Chapman and Hall, (2002).

[5] P. Colinet, J. C. Legros, M. G. Velarde,
Nonlinear dynamics of surface-tension driven
instabilities, Wiley VCH, (2001).

[6] M. G. Velarde, R. Kh. Zeytounian, Interfacial
Phenomena and the Marangoni effect, Springer,
(2002).

[71D. A. Goussis, R. E. Kelly, Surface wave and
thermocapillary instabilities in a liquid film flow, J.
Fluid Mech., 223, 25-45, (1991) and corrigendum J.
Fluid. Mech. 226, 663- (1991).

[8] S. W. Joo, S. H. Davis, S. G. Bankoff, Long-
wave instabilities of heated falling films: two-
dimensional theory of uniform layers, J. Fluid
Mech., 230, 117-146 (1991).

[9] D. J. Benny, Long waves on liquid films, J.
Math. Phys., 45, 150-155 (1966).

[10] W. Boos, A. Thess, Cascade of structures in
long-wavelength Marangoni instability, Phys.Fluids,
[1], 1484-1494 (1999).

[11]S. Kalliadasis, E. A. Demekhin, C. Ruyer-Quil,
M. G. Velarde, Thermocapillary instability and wave
formation on a film falling down a uniformly heated
plane, J. Fluid Mech., 492, 303-338 (2003).

[12] P. M. J. Trevelyan, S. Kalliadasis, Wave
dynamics on a thin-liquid film falling down a heated
wall, J. Engineering Mathematics, 50, 177-208
(2004).

[13] B. Scheid, C. Ruyer-Quil, U. Thiele, O. A.
Kabov, J. Legros, P. Colinet, Validity domain of the
Benney equation including Marangoni effect for
closed and open flows, J. Fluid Mech., 527, 303-335
(2005).

[14] C. Ruyer-Quil, B. Scheid, S. Kalliadasis, M. G.
Velarde, R. Kh. Zeytounian, Thermocapil-lary long
waves in a liquid film flow, Part 1 Low-dimensional
formulation, J. Fluid Mech., 538, 199-222 (2005).

[15] B. Scheid, C. Ruyer-Quil, S. Kalliadasis, M. G.
Velarde, R. Kh. Zeytounian, Thermocapil-lary long
waves in a liquid film flow, Part 2 Linear stability
and nonlinear waves, J. Fluid Mech., 538, 223-244
(2005).

[16] S. Miladinova, S. Slavtchev, G. Lebon, J. C.
Legros, Long-wave instabilities of non-uniform
heated falling films, J. Fluid Mech., 453, 153-175
(2002).

[17] S. Miladinova, D. Staykova, G. Lebon, B.
Scheid, Effect of non-uniform wall heating on the
three-dimensional secondary instability of falling
films, Acta Mechanica, 30, 1-13 (2002).

[18] A.  Mukhopadhyay, A. Mukhopadhyay,
Nonlinear stability of viscous film flowing down an
inclined plane with linear temperature variation, J.
Phys. D: Appl. Phys., 40, 1-8 (2007).

[191 Y. L. Yeo, V. R. Craster, O. K. Matar,
Marangoni instability of a thin liquid film resting on
a locally heated horizontal wall, Physical Review E,
67, 056315 1-14 (2003).

[20] S. Saprykin, P. M. J. Trevelyan, R. J.
Koopmans, S. Kalliadasis, Free surface thin film
flows over uniformly heated topography, Physical
Review E, 75, 026306 1-17 (2007).

[21] H. C. Chang, Wave evolution on a falling film,
Annu. Rev. Fluid Mech., 26, 103-136 (1994).

[22] .L. Debnath, Nonlinear Partial Differential
Equations for Scientists and Engineers, Springer,
(1997).

[23] B. S. Dandapat, A. Samanta, Bifurcation
analysis of first and second order Benney equa-tions
for viscoelastic fluid flowing down a vertical plane,
J. Phys. D: Appl. Phys., 41, 095501(9PP) (2008).






