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1. Introduction    

Natural convection in a square cavity has been studied 

in various energy conversion industries such as electronic 

industries, heat exchangers, solar collectors and nuclear 

reactors.   

The influence of the fluid properties variation with 

temperature is essential. The well-known Boussinesq 

approximation has been extensively applied, but very little 

research has been done to investigate the influence of 

variable thermophysical properties in the natural 

convection heat transfer [1]. Cavity flows with variable 

properties have been analysed by a number of 

investigators in the past [1–3]. The study of Leonardi and 

Reizes [2] was based on vorticity–stream function 

formulation of the steady-state equations of motion with 

variable properties. Howbeit, their study was only 

restricted to gases. They appear to be the first to address 

                                                 
* Corresponding Author: M. Pirmohammadi, Department of Mechanical Engineering, Pardis Branch, Islamic Azad University, Pardis, Iran. 

 Email: Pirmohamadi@Pardisiau.ac.ir 

 

the change in the symmetry of Nusselt number distribution 

curve against cavity length for variable properties. Their 

result suffered from modified Rayleigh number involving 

several reference temperatures that was difficult to 

interpret physically. Zhong et al. [3] obtained a bound for 

the validity of Boussinesq simplification applied to air 

with variable properties. They indicated that the effect of 

increasing thermal conductivity results in the delay of the 

onset of convection-dominated regime to higher Rayleigh 

number. Recently, Leal et al. [4] confirmed that the 

property variation effects are considerable, even well 

within the assumed region of applicability of Boussinesq 

approximation, based on the evolution of Nusselt number 

during the flow development regime. Additionally, they 

considered air as the working medium. Jin and Chen [5] 

applied Boussinesq approximation together with variable 

viscosity which is pertinent to high Prandtl number (highly 
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nonconducting) fluids. There are some special features 

connected with the heat transfer in liquid metals/alkali 

metals (highly conducting) which are not present in other 

fluids. These have high thermal conductivity and hence 

low Prandtl numbers. Sarvanan and Kandaswamy [6] 

examined two-dimensional laminar convection for low 

Prandtl number liquids. This research was studied in a 

closed square cavity with different isothermal vertical 

walls. They displayed that as the thermal conductivity 

decreases the heat transfer decreases appreciably across 

the cavity. 

Pesso and Piva [7] inquired the free convection of the 

low Prandtl number fluid with large density differences 

and Nusselt number was modeled as a function of 

Rayleigh number. 

In some engineering problems such as the 

manufacturing the semiconductors, superconductors, 

casting, the magnetic storage media , heat exchanger, 

Nano fluid flow and the cooling systems of electronic 

devices,  effect of magnetic field on heat transfer is 

inspected[8-13]. The natural convection of an electrically 

conducting fluid in an enclosure in the presence of a 

magnetic field has been thoroughly scrutinized by several 

researchers in the laminar flow 𝑅𝑎 < 106 [14–19]. 

Comparatively little attention has been paid to the 

turbulent flow, 𝑅𝑎 ≥ 106, which is of interest for many 

industrial processes as well. 

Numerical study of MHD convection with non-uniform 

magnetic field in a square differentially heated cavity is 

investigated by Jalil and Al-Tae’y [20]. 

They reported that stream functions and isotherms 

distributions in the cavity are dependent on Rayleigh and 

Hartmann numbers and also on the magnetic field 

distribution along the vertical wall.  

Kakarantzas et al. [21] inspected numerically laminar 

and turbulent flow of a liquid metal in a vertical annulus 

under a horizontal magnetic field. They found that when 

the magnetic field intensity increases, the regime of flow 

becomes laminar. Moreover, they observed that the 

magnetic field causes the flow tends to be axisymmetry. 

Liu et al. [22] applied the large-eddy-simulation model 

for body-fitted grids to inquire the turbulent convection in 

an ellipsoidal crucible. Numerical comparisons were done 

for three cases: with a transverse magnetic field, without 

magnetic field, and with a cusp-shaped magnetic field. 

They demonstrated that the random thermal fluctuations 

can be vanished effectively by applying magnetic field.  

Numerical simulation of MHD low prandtl number 

flow between two vertical coaxial cylinders under the 

effect of internal heating and a horizontal magnetic field 

was presented by Kakarantzas et al. They exhibited that in 

for case Ha=0, the flow at Ra=104 is laminar while for 

Ra=106 it is turbulent [23]. Zhang et al. [24] examined 

two-dimensional turbulent convection in a toroidal duct of 

a liquid metal blanket of a fusion reactor. They concluded 

that in stronger mixing and more uniform distribution of 

wall heat flux, indicating promising potential of this 

concept of the blanket.  

Sajjadi and Kefayati [25] analysed 

magnetohydrdynamics free convection of water for 

laminar and turbulent flow in a square cavity numerically 

by the LBM. They discovered that the heat transfer is 

increased at Ra=107 and 109 by the rise of Hartmann 

number from Ha=0 to 25 and also the greatest heat transfer 

decreasing in the presence of Hartmann number is found 

at Ra=105 for Ha=100. 

Enayati et al. inspected the natural convection in a 

differentially laterally heated vertical cylindrical reactor 

with applying ANSYS FLUENT in a 2-D axisymmetric 

configuration. The main goal of this paper was to define 

and study the boundaries of the transitional flow regime 

leading to turbulent flow for this thermal configuration. 

Seven cases for a range of Rayleigh numbers from 750 to 

8.8 × 108 were studied by using the FLUENT k–ω SST 

turbulent model [26]. 

Turbulent MHD convection with variable properties 

has not been studied yet. In this work, the problem of 

turbulent MHD convection in a differential heated cavity 

is numerically solved for different Hartmann numbers, 

Ra=107, applying liquid metal as working fluid. Fluid flow 

and heat transfer for the constant and variable properties 

are examined and their results are compared to each other. 

 

2. Basic Equation 

Fig. 1 depicted the geometry of the present work. It is a 

two-dimensional cavity with height H. 

The vertical walls are in different temperatures and 

horizontal walls are adiabatic. 

Horizontal magnetic field is applied across the cavity.  

Dimensionless variables are defined as: 
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(1) 

Where u and v are the velocity components, p is the 

pressure, T is the temperature, 𝛼  is the thermal diffusivity, 

𝜌 is the density, 𝜇𝑒𝑓𝑓 = 𝜇 + 𝜇𝑡 , 𝛤𝑒𝑓𝑓,𝑡 = 𝑘𝑟 +
𝜇𝑡𝑐𝑝𝑟

𝜎𝑡
, 

𝛤𝑒𝑓𝑓,𝑘 = 𝜇𝑟 +
𝜇𝑡

𝜎𝑘
 and 𝛤𝑒𝑓𝑓,𝜀 = 𝜇𝑟 +

𝜇𝑡

𝜎𝜀
 . 𝜇𝑡 is turbulent 

viscosity that related to 𝑘and 𝜀[27].  

Also 𝜇  is the dynamic viscosity, k is the thermal 

conductivity, cp is specific heat capacity and 𝜎  is the 

electrical conductivity. The thermos-physical properties 

vary with temperature as follows [28]: 

 

𝑘 = 91.752 − 48.688 × 10−3𝑇 − 0.303 × 10−6𝑇2 

(2) 
𝐶𝑝 = 1437.08 − 580.6 × 10−3𝑇 + 29.02 × 10−6𝑇2 

𝜎 = (13.11 − 33.44 × 10−3𝑇 + 29.02 × 10−6𝑇2) × 106 

𝐶𝑝 = 1437.08 − 580.6 × 10−3𝑇 + 4624 × 10−6𝑇2 

 

The governing equations are illustrated in 

dimensionless form as follows [29]: 
 

∂U

∂X
+

∂V

∂V
= 0 

(3) 
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Figure 1. Geometry and coordinates of cavity configuration 

with magnetic effect 
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Pr, Ra, and Ha are the Prandtl, Rayleigh and Hartmann 

numbers, respectively are defined as follows: 

Pr=
𝜈

𝛼
 ,  Ra=

𝑔𝛽(𝑇ℎ−𝑇𝑐)𝐻3

𝛼𝜐
  ,  Ha=𝐵0𝐻√

𝜎

𝜌𝜐
 (9) 

Also the used constants in above equations are 

presented in Table 1 as follows: 

The local and average Nusselt numbers are defined as 

follows: 

𝑁𝑢𝑦 = −
𝜕𝜃

𝜕𝑋
|
𝑋=0

   𝑁𝑢̅̅ ̅̅ = ∫ 𝑁𝑢𝑦𝑑𝑌
1

0
 (10) 

Boundary conditions are: 

1)Y0,Y1,X 0,(X  wallsallat  0 V & U 
 

(11) 

𝜃(0, 𝑌) = 1, 𝜃(1, 𝑌) = 0 ,  
𝜕𝜃

𝜕𝑌
|

𝑌=0
= 0 ,  

𝜕𝜃

𝜕𝑌
|

𝑌=1
= 0 (12) 

Also wall functions are applied for turbulent parameters 

as follows [29]: 

 

Table 1.  Constants used in 𝑘 − 𝜀 model. 

𝐂𝟏 𝐂𝟐 𝐂𝟑 𝐂𝛍 𝛔𝐤 𝛔𝐭 𝛔𝛆 

1.44 1.92 tanh (|
𝑣

𝑢
|) 0.09 1.0 1.0 1.3 

 
Table 2. Results of 𝑁𝑢̅̅ ̅̅  for different mesh sizes (Ra=107 and 

Ha=100) 

Mesh Size 𝑵𝒖̅̅ ̅̅  
51×51 102 

91×91 3.199 

101×101 3.187 

121×121 3.183 

131×131 3.182 

141×141 3.182 

 

𝑦+ = 𝜌
𝐶𝜇

1/4
𝜅́1/2

𝜎𝑡[(
1

𝜅́
𝐿𝑛(𝐸𝑦+))+𝐶𝑇]

𝑦𝑝, 𝜅́=0.41 

𝑇+ = −𝜌
𝐶𝜇

1/4
𝜅́1/2

𝜎𝑡 [(
1

𝜅́
𝐿𝑛(𝐸𝑦+)) + 𝐶𝑇]

 

(13) 

𝐶𝑇 = 9 ∙ 24 [1 + 0 ∙ 28𝐸𝑝𝑥 (−0 ∙ 007
𝑃𝑟

𝜎𝑡
)] [(

𝑃𝑟

𝜎𝑡
)1/4 − 1]  (14) 

 

3. Numerical Method 

The present computation uses the finite volume method 

and the SIMPLER algorithm to discretize the governing 

equations of flow and resolving the pressure-velocity 

coupling system. The hybrid-method is applied to 

discretize the convection terms [30]. The residual values 

have been examined for parameters such as velocity, 

temperature and pressure. Convergence is contemplated to 

be achieved when residuals become less than 10-3.  

A staggered grid system is applied. The solution of the 

fully coupled discretized equations is obtained iteratively 

applying the TDMA method [30]. For checking the grid 

independency, the simulations were done for cell numbers 

from 51×51 to 141×141 for Ra=107 and Ha=100. It was 

detected that using the 121×121 mesh leads to the grid 

independent result. In Tab. 1 the results of 𝑵𝒖̅̅ ̅̅   at the hot 

wall are presented. As it is observed, changing the grid 

from 101×101 to 121×121 will make approximately 0.004 

difference in the mentioned results. According to the grid 

dependency analysis, all results portrayed from now on, 

are generated by 121×121 grid (table. 2).  

 

4. Validations  

For assessing the accuracy of our numerical procedure, 

we have tested our algorithm vs. a simulation for natural 

convection flow (without imposed magnetic field) in a 

square cavity for Ra = 1010, Ha=0 and Pr=0.01 which were 

reported by jalil [20]. 

Fig. 2 depicted the streamlines and isotherms for the 

present work and the results published by Jalil. In this 

comparison the properties of fluid were assumed to be 

constant. It is perceived that results exhibit good 

agreement with results presented in [20].  

 

5. Results and discussion 

Turbulent natural convection heat transfer of molten 

sodium inside a cavity in the presence of magnetic field is 
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investigated. The Rayleigh number 107and different 

Hartmann numbers for the cases constant and variable 

properties are considered. 

Figures 3 and 4 illustrated the isotherms in different 

Hartmann numbers and Ra=107 for the cases constant and 

variable properties, respectively. It is observed that for 

both cases when Ha=0 boundary layer is formed near the 

vertical walls and the isotherms outside the boundary layer 

are skewed. As Ha increases the temperature gradient near 

the hot and cold wall decreases and the slope of the 

isotherms at the centre of the cavity change. At Ha=200 

the isotherms become horizontal and with increasing the 

Ha the isotherms become vertical, so that at Ha=800 the 

thermal boundary layer is vanished and mechanism of heat 

transfer changes from convection to conduction. 

Regarding the fact that in the case variable properties, 

the thermal conductivity near the hot wall is less than the 

cold wall and also in high Hartmann numbers the 

conduction heat transfer is dominant the temperature 

gradient near the hot wall is more than the cold wall. As 

difference between the thermal conductivity of the fluid 

near the vertical walls enhances the temperature gradient 

near the hot wall at high Hartmann number increases. 

Figures 5 and 6 present the streamlines in different 

Hartmann numbers for constant and variable properties, 

respectively. For both cases, when Ha is zero or low in 

addition to primary vortex, three vortices are formed.  

As Ha boosts the secondary vortices disappear and the 

Lorentz force causes the axes of main vortex rotates and 

becomes nearly parallel with vertical wall. As Ha increases 

absolute maximum of stream function decreases. 

Moreover, it is observed that for the case variable 

properties the stream lines are not symmetric and 

concentration of them near the hot wall is more than the 

cold wall. 

This is because near the hot wall the kinematic viscosity 

and the electrical conductivity is less than the cold wall so 

viscose and Lorentz forces in this region are less and more 

flow pass through this region and streamlines become 

asymmetric. Figure 7 portrayes the velocity profile in 

different Hartmann for constant and variable properties. 

In the case constant properties, the velocity is 

symmetric and as Ha increases the maximum velocity 

decreases, however in the case variable properties when 

Ha=0 the velocity profile is symmetric and as Ha boosts it 

becomes asymmetric. When Ha=0, the order of buoyancy 

force is less than the viscous force and difference viscosity 

doesn't effect on velocity profile, still as Ha increases for 

the reason that the Lorentz force become higher so that the 

buoyancy force is more important and the difference of 

viscosity effects on the velocity profile, so that near the hot 

wall the maximum velocity is more than the cold wall. 

Additionally, near the hot wall electrical conductivity is 

less compared to the left wall and so it causes the Lorentz 

force reduces in this region. Figure 8 depicts the 

temperature profile in different Hartmann numbers for 

constant and variable properties.  

 

  

 

(a) Jalil's work  

  

 

(b) present work  

Figure 2.  (a) Isotherms and (b) Streamlines of natural convection in a square enclosure for Ra = 1010 and Ha=0 (the fluid  

propertyes are constant)  
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Ha=200 Ha=100 Ha=0 

   
Ha=500 Ha=400 Ha=300 

   
Ha=800 Ha=700 Ha=600 

   
Figure 3.  Isotherms for Ra = 107 and different Hartmann numbers; the fluid  properties are constant 
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Ha=500 Ha=400   Ha=300 

   
Ha=800 Ha=700 Ha=600 

   
Figure 4. Isotherms for Ra = 107 and different Hartmann numbers; the fluid properties are variable. 
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Ha=200 Ha=100 Ha=0 

 
|𝝍|𝒎𝒂𝒙 = 𝟏𝟎. 𝟒𝟒 
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Ha=500 Ha=400 Ha=300 
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|𝝍|𝒎𝒂𝒙 = 𝟔. 𝟎𝟐 
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Ha=800 Ha=700 Ha=600 
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|𝝍|𝒎𝒂𝒙 = 𝟑. 𝟓𝟓 

Ha=800 Ha=700 Ha=600 

Figure 5.  Streamlines for Ra = 107 and different Hartmann numbers; the fluid  properties are constant 
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Figure 6.  Streamlines for Ra = 107 and different Hartmann numbers; the fluid  properties are variable 
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(a) 

 
(b) 

Figure 7.  Velocity profile at mid height (Y=0.5) for Ra = 107 and 

different Hartmann numbers ;(a): the fluid properties are constant, (b): 
the fluid properties are variable. 

 

It is perceived that for both cases the temperature 

gradient near the hot and cold walls and the slope of 

temperature profile is high as well. By applying magnetic 

field and increasing the Ha, the slope reduces, so at 

Ha=800 the profile is linear. In the case constant properties 

the slope of temperature profile near the vertical walls is 

the same and the temperature profiles pass from one point 

at the center of the cavity. Notwithstanding, in the case 

variable properties as it was expected the temperature 

profile don’t pass one point and the slope of lines at high 

Hartmann numbers near the hot and cold walls are partly 

different. The variation of Nusselt number versus the 

Hartmann numbers for constant and variable properties is 

presented in Fig. 9. 

It is observed that at both cases as Ha increases the 

Nusselt number decrease. However, the Nusselt number 

for case constant properties is more than the case variable 

properties. In the case constant properties, the properties at 

the cold wall is calculated. Regarding the equation (2) the 

properties have higher value rather than the case variable 

properties. The increasing the kinematic viscosity and 

electrical conductivity have reducing effect and the 

thermal conductivity has incremental effect on fluid flow. 

It is perceived from Fig.9 that the thermal conductivity has 

the most effect on heat transfer, so in the case constant 

properties convection is more than the case with the 

variable properties. 

 

6. Conclusion 

In the present study, turbulent MHD convection of 

liquid metal with constant and variable properties is 

investigated numerically. The following were found based 

on the results: 

 In the case constant properties the velocity is 

symmetric and as Ha increases the maximum velocity 

decreases but in the case variable properties when 

Ha=0 the velocity profile is symmetric and as Ha 

boosts it becomes asymmetric. 

 Regarding to the fact that in the case variable 

properties, the thermal conductivity near the hot wall 

is less than the cold wall and in higher Ha the diffusion 

mechanism is dominant and the temperature slope near 

the left wall is more than the right wall as well. 

 In the case constant properties the slope of temperature 

profile near the vertical walls is the same and the 

temperature profiles pass from one point at the center 

of the cavity. Howbeit, in the case variable properties 

as it was expected the temperature profile don’t pass 

one point and the slope of lines at high Hartmann 

numbers near the hot and cold walls are partly 

different. 

 
(a) 

 
(b) 

Figure 8.  Isotherms profile at mid height (Y=0.5) for Ra = 107 and 

different Hartmann numbers; (a): the fluid properties are constant, (b): 

the fluid properties are variable. 

0 0.25 0.5 0.75 1
-200

-150

-100

-50

0

50

100

150

200

Ha=0

Ha=100

Ha=200

Ha=400

Ha=600

Ha=800

0 0.25 0.5 0.75 1
-200

-150

-100

-50

0

50

100

150

200

Ha=0

Ha=100

Ha=200

Ha=400

Ha=600

Ha=800

0 0.25 0.5 0.75 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Ha=0

Ha=100

Ha=200

Ha=400

Ha=600

Ha=800

0 0.25 0.5 0.75 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Ha=0

Ha=100

Ha=200

Ha=400

Ha=600

Ha=800



140 M. Pirmohammadi / JHMTR 6 (2019) 133-141 

 

 

Figure 9.  Variation of Mean Nusselt Number 

 

 

Nomenclature 

A Magnetic potential vector (Vs/m) 

B0 Magnitude of magnetic field (kg/s2 A) 

Cp Heat capacity (J/kg K) 

g Acceleration due to gravity (m/s2) 

H Height of the enclosure (m) 

Ha Hartmann number 

k Thermal conductivity (W/m.K) 

P Pressure (N/m2) 

Ra Rayleigh number 

Rem Magnetic Reynolds number 

T Temperature (K) 

u, v  The velocity components(m/s) 

  Coefficient of thermal expansion (1/K) 

  Thermal diffusivity (m2/s) 

  Dynamic viscosity (m2/s) 


 Density (kg/m3) 

  Electrical conductivity (S/m) 

  Dimensionless temperature 

𝜇0 Magnetic permeability (H/m) 

K Turbulent energy (m2/s2)     

Ɛ Dissipation rate (m2/s3) 

𝜇𝑡 Turbulent viscosity (Kg/ms)  
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