
1. Introduction 

The flow of nanofluid is of great interest in many 

areas of modern science: engineering and 

technology, chemical and nuclear industries, and 

biomechanics. Nanofluids are not obtained naturally, 

but they are synthesized in a laboratory. Modern 

nanotechnology provides opportunities to process 

and produce ultra-fine solid particles with a diameter 

less than 50 nm. Fluids with ultra-fine solid particles 

(nanoparticles) suspended in them are called 

nanofluids, which is a term coined in 1995 by Choi 

of the Argonne National Laboratory, U.S.A. [1]. 

Nanofluids can be considered as the next-generation 

heat-transfer fluids, as they offer exciting new 

possibilities to enhance heat-transfer performance 

compared to pure liquids. This concept attracted 

various researchers to nanofluids, and various 

theoretical and experimental studies have been 

performed to find the thermal properties of 

nanofluids [2-15].  

Kuznetsov and Nield [16] studied the classical 

problem of free convection boundary-layer flow of 

viscous and incompressible fluids passed through a 

vertical flat plate in the case of two-phase model 

nanofluids. The same authors [17] extended their 

investigation to study the double-diffusive natural 

convection boundary-layer flow of nanofluid over a 

vertical plate. Khan and Pop [18] analyzed the 

development of steady boundary-layer flow, heat 

transfer, and nanoparticle volume fraction over a 

linear stretching surface in a nanofluid. Khan and 
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Aziz [19] investigated the boundary-layer flow of 

nanofluid past a vertical surface with a constant heat 

flux. Gorla and Chamkha [20] analyzed the natural 

convection flow of a nanofluid past an isothermal 

horizontal plate in a porous medium saturated by a 

nanofluid. Aziz and Khan [21] studied the natural 

convection flow of a nanofluid over a convectively 

heated vertical plate.  

The applied magnetic field may play an important 

role in controlling momentum and heat transfers in 

the boundary-layer flow of different fluids. Ibrahim 

et al. [22] investigated the magnetic-field effects on 

free convection and mass-transfer flow past a semi-

infinite vertical flat plate. Muthucumaraswamy and 

Janakiraman [23] studied the thermal-radiation 

effects on flow past an impulsively started infinite 

vertical plate with uniform temperature and variable 

mass diffusion in the presence of a transverse-

applied magnetic field. Yahyazadeh et al. [24] 

inspected the effect of a magnetic field on the free 

convection flow of a nanofluid over a linear 

stretching sheet. 

Nonlinear phenomena play a crucial role in 

applied mathematics and physics. The theory of 

nonlinear problems recently has been the focus of 

many studies. In most cases, it is difficult to solve 

nonlinear problems, especially to obtain the 

analytical solutions. An analytical method for 

strongly nonlinear problems, namely the homotopy 

analysis method (HAM), was proposed by Liao in 

1992. The HAM is a general analytic approach to 

derive a series of solutions for various types of 

nonlinear equations, including algebraic equations, 

ordinary differential equations, partial differential 

equations, differential-integral equations, 

differential-difference equations, and coupled 

equations. Unlike perturbation methods, the HAM is 

independent of small or large physical parameters 

and, thus, is valid whether or not a nonlinear 

problem contains small or large physical parameters. 

More importantly, different from all perturbation and 

traditional non perturbation methods, the HAM 

provides a simple way to ensure the convergence of 

a solution series, and therefore, the HAM is valid 

even for strongly nonlinear problems. In addition, 

the HAM provides great freedom to choose proper 

base functions to approximate a nonlinear problem 

[25-32]. Motivated by the advantages of the HAM, 

we have applied it to investigate the boundary-layer 

flow of an incompressible, viscous nanofluid over a 

vertical plate in the presence of the magnetic-field 

effect. To verify the HAM solutions, we have 

compared the present solutions with the numerical 

solutions obtained by the fourth-order Runge–Kutta 

method along with the shooting iteration technique. 

 

2. Formulation of the problem 

Consider the steady two-dimensional boundary-

layer flow of a nanofluid over a vertical plate in the 

presence of a magnetic field. We select a coordinate 

frame in which the x axis is aligned vertically 

upwards. We consider a vertical plate at y = 0. At 

this boundary, the temperature T and the nanoparticle 

volume fraction  take constant values Tw and w, 

respectively. The temperature T and the nanoparticle 

volume fraction of the nanofluid  take values T 

and ,respectively, as y. We also consider the 

influence of a constant magnetic-field strength B0, 

which is applied normally to the plate. It is assumed 

further that the induced magnetic field is negligible 

in comparison to the applied magnetic field. Under 

the above assumptions, the boundary-layer equations 

governing the flow and thermal and concentration 

fields can be written in dimensional form as follows 

[16]: 

 

0









y

v

x

u
,

  

                                                               (1) 

 

        ,1

2

0

2

2

 



































gTTg

uB
y

u
v

x

u
u

y

u

x

p

fpf

f

             (2) 

 

















































2

2

y

T

T

D

y

T

y
DT

y

T
v

x

T
u T

B


 ,    (3) 

 







































2

2

2

2

y

T

T

D

y
D

y
v

x
u T

B


,             (4)     

 

where u and v are the velocity components along the 

x and y directions, respectively, p is the fluid 

pressure, f is the density of the base fluid, p is the 

nanoparticle density,  is the absolute viscosity of 

the base fluid, 
  fc

k


  is the thermal diffusivity of 

the base fluid, 
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p
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  is the ratio of nanoparticle 

heat capacity and the base fluid heat capacity,  is 
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the local solid volume fraction of the nanofluid,  is 

the volumetric thermal expansion coefficient of the 

base fluid, DB is the Brownian diffusion coefficient, 

DTis the thermophoretic diffusion coefficient, T is 

the local temperature, g is the acceleration due to 

gravity, and B0 is the constant magnetic field.  

The boundary conditions are taken to be 

 

,0u ,0v ,wTT  w   at 0y ,        (5) 

,0 vu ,TT  as .y            (6) 

 

3. Similarity transformations 

The following quantities are introduced to 

transform Eqs. (2)–(4) into ordinary differential 

equations: 
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with the local Rayleigh number, which is defined as 
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and the stream function ( x,y) is defined such that 
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Therefore, the continuity equation from Eq. (1) is 

satisfied identically. After some algebraic 

manipulation, the momentum, energy, and solid-

volume fraction equations are obtained as follows: 
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where primes denote differentiation with respect to  

and the nondimensional parameters—the Prandtl 

number (Pr), buoyancy-ratio parameter (Nr), 

Brownian motion parameter (Nb), thermophoresis 

parameter (Nt), Lewis number (Le), and magnetic 

parameter(M)—are defined as follows: 
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The corresponding boundary conditions are as 

follows: 

 

    ,0'   ss     1  f  at 0 ,              (16) 

 

      0,0,0'   fs  as  .              (17) 

 

The reduced local Nusselt number Nur and the 

reduced local Sherwood number Shr can be 

introduced and represented as follows: 

)0('4/1  NuRaNur
x  

)0('4/1 fShRaShr x  . 

4. Analytical solution by the HAM 

Eqs. (13)–(15) are solved under corresponding 

boundary conditions (16) and (17) by using the 

HAM. For the HAM solutions, we choose the initial 

guesses and auxiliary linear operators in the 

following form: 
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c1, c2,and c3 are constants, p[0,1] denotes the 

embedding parameter, and h1, h2, and h3 indicate the 
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nonzero auxiliary parameters. We then construct the 

following problems: 

 

Zeroth-order deformation problems, 
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For p = 0 and p = 1, we have 
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Due to the Taylor series with respect to p,the 

following is provided: 
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and thus, the mth-order deformation problems are as 

follows: 
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for which h is chosen in such a way that these three 

series are convergent at p = 1.Therefore,we have 
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4.1 Convergence of the HAM 

As Liao [24-26] has pointed out, the convergence 

rate of approximation for the HAM solution strongly 

depends on the value of auxiliary parameter h. Fig. 1 

clearly depicts that the range for the admissible value 

of h is -1.1  h  -0.1. Our calculation for this case 

indicates that h= -0.3 for the whole region . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5. Numerical method for the solution 

Nonlinear coupled differential Eqs.(13)–(15), 

along with boundary conditions (16) and (17), form a 

two-point boundary value problem thatis solved 

using a shooting technique along with the fourth-

order Runge–Kutta integration scheme by converting 

it into an initial value problem. In this method, we 

have to choose a suitable finite value of  , 

say  .We set the following first-order system: 
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with the boundary conditions 

 

0)0()0( 21  yy  and  1)0()0( 64  yy .                (55) 

To solve (54) with (55) as an initial value 

problem, we need the values for y3(0) i.e. s''(0), y5(0) 

i.e. (0), and y7(0) i.e. f(0), but no such values are 

given. The initial guess values for s''(0),(0), and 

f(0) are chosen, and the fourth-order Runge–Kutta 

integration scheme is applied to obtain the solution. 

Then, we compare the calculated values of 

s'(),(),and f()at  with the given boundary 

conditions s'() = 0,  () = 0, and f() = 0and 

adjust the values of s''(0), (0), and f'(0) using the 

shooting technique to give a better approximation for 

the solution. The process is repeated until we get the 

correct results up to the desired accuracy level of10-8, 

which fulfils the convergence criterion. 

6. Results and discussion 

The analytical solutions for the hydromagnetic 

flow of an incompressible viscous nanofluid over a 

vertical plate were obtained using the HAM method. 

The obtained analytical solutions were verified by 

the numerical solutions obtained using the fourth-

order Runge–Kutta method. The results are 

displayed with the help of graphical illustrations. To 

test the accuracy of these analytical and numerical 

solutions, we compared the resulting calculated 

values with those reported in Bejan [34]. The 

comparison, shown in Table 1,was found to be in 

good agreement. 

The effects of the Prandtl number and magnetic 

parameter on the dimensionless velocity profile 

along the vertical plate are shown in Fig. 2. A 

comparison of the velocity profiles for the two 

different Prandtl numbers shows that the velocity 

profile rises as Pr increases, unlike for the flow of a 

regular fluid over a vertical plate [16]. It also shows 

that the presence of the magnetic parameter reduces 

the dimensionless velocity. This is due to the fact 

that, when a transverse magnetic field is applied to 

an electrically conducting fluid, it gives rise to a 

resistive force known as the Lorentz force. This 

force causes the fluid to experience resistance by 

increasing the friction between its layers, which 

Fig.1 s(0), θ (0), and f (0) plots for determining the 

optimum h coefficient. 
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decreases velocity. Thus, the increasing values of the 

magnetic parameter decrease the velocity of the 

nanofluid.  

Fig. 3 shows the effects of the buoyancy ratio on 

the dimensionless velocity profile in the presence of 

a magnetic field. The velocity profile decreases as 

the buoyancy ratio increases. Fig. 4 shows the effects 

of the Lewis number on the dimensionless velocity 

profile in the presence of a magnetic field for the 

selected parameters. It is clear that the velocity is 

enhanced as the Lewis number increases. Fig. 5 

shows the effects of Brownian motion and 

thermophoresis parameters on the dimensionless 

velocity profile. It can be seen that the increasing 

values of Nb and Nt enhance the velocity profile of 

the nanofluid. 

The effects of the magnetic parameter on the 

dimensionless temperature profile along the vertical 

plate are shown in Fig. 6. It can be seen that the 

increasing values of the magnetic parameter causes 

the nanofluid to become warmer and, therefore, 

increase in temperature, which is similar to the 

temperature profile in the natural convective 

boundary layer of a regular fluid. Fig. 7 displays the 

effects of the Prandtl number on the temperature 

profile. It can be noted that the temperature 

decreases with the increasing values of the Prandtl 

number. This is due to the fact that the thermal 

boundary-layer thickness decreases with an increase 

in the Prandtl number. 

Fig. 8 demonstrates the effects of the buoyancy 

ratio on the dimensionless temperature profile in the 

presence of magnetic field. From this figure, it is 

apparent that the temperature increases as the 

buoyancy ratio increases. Fig. 9 depicts the effects of 

the Lewis number on the dimensionless temperature 

profile in the presence of a magnetic field. It can be 

observed that the increasing values of Le decrease 

the temperature profile. Fig. 10 illustrates the 

dimensionless temperature profile in the presence of  

magnetic field and nanofluid parameters for different 

values of the Brownian motion and thermophoresis 

parameters. It can be noted that the Brownian motion 

and thermophoresis parameters augment the 

temperature profile. This is because increasing Nt 

means a higher thermophoresis force, which 

tends to move nanoparticles from hot to cold 

areas and consequently increases the fluid 

temperature. 

The magnetic parameter’s effect on the 

dimensionless concentration profile along the 

vertical plate is shown in Fig. 11. From the figure, it 

can be seen that the dimensionless nanosolid fraction 

increases as the magnetic parameter increases. 

Fig. 12 shows the effects of the Prandtl number on 

the dimensionless nanoparticle volume fraction. It 

can be observed that the nanoparticle volume 

fraction decreases as the Prandtl number increases.  

Fig. 13 depicts the effects of the buoyancy ratio 

on the dimensionless nanoparticle volume fraction 

profile. The nanoparticle volume fraction increases 

as the buoyancy ratio increases.  

Fig.14 shows the effect of the Lewis number on 

the dimensionless nanoparticle volume fraction 

profile in the presence of a magnetic field. It is 

interesting to note that the increasing values of Le 

decrease the nanoparticle volume fraction. Close 

observation of Figs. 9 and 14 revealed that the 

increasing values of the Lewis number arrest the 

concentration boundary-layer thickness.  

Fig. 15 exhibits the effects of the Brownian 

motion and thermophoresis parameters on the 

dimensionless nanoparticle volume fraction profile 

in the presence of a magnetic field. It is clear that an 

increase in the values of both nanofluid parameters, 

thermophoresis and Brownian motion, causes a 

decrease of the nanosolid fraction. Due to the 

presence of nanoparticles in a nanofluid system, 

Brownian motion of the particles takes place, and by 

increasing it, the heat-transfer characteristics of the 

fluid changes, which results in increased 

temperature. Moreover, a slight decrease in the 

nanoparticle volume boundary-layer thickness is 

observed with increasing Nb. 

Figs. 16 and 17 show the effects of the Brownian 

motion parameter, thermophoresis parameter, 

magnetic parameter, and Lewis number on the 

reduced Nusselt number and local Sherwood 

number, respectively. It can be noted that the 

reduced Nusselt number decreases with  magnetic 

parameter, Brownian motion parameter, 

thermophoresis parameter, and Lewis number 

(Fig. 16).  

The local Sherwood number decreases with  

magnetic parameter and increases with  Brownian 

motion parameter, thermophoresis parameter, and 

Lewis number (Fig. 17). 

Table 2 shows the values of the reduced Nusselt 

and Sherwood numbers. The reduced Nusselt and 

Sherwood numbers decrease with the increasing 

values of Nr and M. The increasing values of Pr 

increase both the reduced Nusselt and Sherwood 

numbers. The parameters Nb and Le decrease the 

values of the Nusselt number and increase the 

Sherwood number. Table 2 provides the information 
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about the heat- and mass-transfer characteristics of 

the flow in a convenient form for research and 

engineering calculations. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.3 Effects of the buoyancyratio on the 

dimensionless velocity profiles for Pr = 1, Le = 10, 

M = 0.5, and Nb = Nt = 0.1. 

Fig.2 Effects of the magnetic parameter and 

Prandtl number on the dimensionless velocity for 

Le = 1 and Nb = Nt = Nr = 0.1. 

 

Fig.4 Effects of the Lewis number on the 

dimensionless velocity profiles for Pr = 1, M = 0.5, and 

Nb = Nt = Nr = 0.1. 

Fig.5 Effects of Brownian motion and thermophoresis 

parameters on dimensionless velocity profiles for Pr = 1, 

Le = 10, M = 0.5, and Nr = 0.1. 

Fig.6 Effects of the magnetic parameter on the 

dimensionless temperature profiles for Pr = 1, Le = 1, and 

Nb = Nt = Nr = 0.1. 

 

Fig.7 Effects of the Prandtl number on the 

temperature profiles for M = 0.5, Le = 1, and 

Nb = Nt = Nr = 0.1. 
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Fig.12  Effects of the Prandtl number on the 

dimensionless solid volume fraction of the nanofluid 

profiles for Pr = 1, Le = 1, and Nb=Nt=Nr=0.1. 

 

Fig.10 Effects of Brownian motion and thermophoresis 

parameters on the dimensionless temperature profiles for 

Pr = 1, Le = 10, M = 0.5, and Nr = 0.1. 

Fig.8 Effects of the buoyancy ratio on the 

dimensionless temperature profiles for Pr = 1, Le = 10, 

Nb = Nt = 0.1, and M = 0.5. 

 

Fig.9  Effects of the Lewis number on the 

dimensionless temperature profiles for Pr = 1, Nb = 

Nt = Nr = 0.1, and M = 0.5. 

 

Fig.11 Effects of themagnetic parameter on the 

dimensionless solid volume fraction of the nanofluid 

profiles for Pr = 1, Le = 1, and Nb = Nt = Nr = 0.1. 
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Table 2. Variation of Nur and Shr with Pr, Nb, and Nr for Nt = 0.1 and Le = 10. 

 

Pr Bejan [34] 

Present results (absence of 

magnetic parameter) 

Analytical Numerical 

1 0.401 0.40103 0.40102817 

10 0.465 0.46496 0.46496287 

100 0.490 0.49000 0.49000028 

Le M Nb Nr 

Pr=1 Pr=5 

Nur Shr Nur Shr 

Analytical Numerical Analytical Numerical Analytical Numerical Analytical Numerical 

10 0 0.1 0.1 0.35423 0.35422747 1.00337 1.00336781 0.39913 0.39912839 1.07059 1.07058521 

   0.3 0.34768 0.34767813 0.97818 0.97818444 0.39186 0.39186369 1.04546 1.045461295 

Fig.13  Effects of buoyancyratio on the dimensionless 

solid volume fraction of the nanofluid profiles for Pr = 1, 

Le = 10, Nb = Nt = 0.1, and M = 0.5. 

 

Fig.14 Effects of the Lewis number on the 

dimensionless solid volume fraction of the nanofluid 

profiles for Pr=1, Nb = Nt = Nr = 0.1, and M = 0.5. 

 

Fig.15  Effects of the Brownian motion parameters on 

the dimensionless temperature profiles for Pr = 1, Le = 10, 

M = 0.5, and Nt = Nr = 0.1. 

Fig.16  Effects of Brownian motion parameters, the 

Lewis number and magnetic parameter on the reduced 

Nusselt number for Pr = 7 and Nr = 0.1. 

Table 1. Comparison test results. Values of the reduced 

Nusselt number Nur = Rax
1/4 Nu in the limiting case of a 

regular fluid. The present results are with Le = 10 and 

Nr = Nb = Nt = 10-5. 
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7. Conclusion 

The hydromagnetic flow of an electrically 

conducting nanofluid past a vertical plate was 

studied both analytically and numerically. The 

governing equations for this investigation were 

solved analytically using the HAM, and the results 

were verified using numerical solutions obtained by 

the fourth-order Runge–Kutta method along with 

the shooting technique. The following specific 

conclusions were derived from this study: 

 

- It was found that the dimensionless velocity 

increases with the decrease of the magnetic 

parameter. The temperature and the 

concentration profiles increase with the 

increasing values of the magnetic parameter. 

The increasing values of the Prandtl number 

increase the velocity profile and decrease the 

temperature and solid volume fraction profiles 

in the flow region.  

- It was noted that the Brownian motion and 

thermophoresis parameters enhance the velocity 

of the temperature profiles but suppress the 

concentration profile. 

- The increasing values of the buoyancy ratio 

decrease the velocity profile and increase the 

temperature and concentration profiles in the 

flow region. 

- The Nusselt number decreases with the 

magnetic parameter, Brownian motion 

parameter, thermophoresis parameter, and Lewis 

number  

- The local Sherwood number decreases with the 

magnetic parameter and increases with the 

Brownian motion parameter, thermophoresis 

parameter, and Lewis number. 
 

Nomenclature 

DB      Brownian diffusion coefficient 

DT      Thermophoretic diffusion coefficient 

f          rescaled nanoparticle volume fraction 

g        gravitational acceleration vector 

k        thermal conductivity 

Le       Lewis number 

M        magnetic parameter 

Nr      buoyancy-ratio parameter 

Nb    Brownian motion parameter 

Nt     thermophoresis parameter 

Nur   reduced Nusselt number 

Pr     Prandtl number 

Rax     local Rayleigh number 

T       temperature 

Tw     temperature at the vertical plate 

T     ambient temperature 

(x,y)   Cartesian coordinates 

Greek symbols 

     Thermal diffusivity 

      volumetric expansion coefficient    similarity 

variable 

   0.5 0.34059 0.34058452 0.95061 0.95060987 0.38405 0.38404555 1.01815 1.01814560 

10 0 0.1 0.1 0.35423 0.35422747 1.00337 1.00336781 0.39913 0.39912839 1.07059 1.07058521 

  0.3  0.30478 0.30478323 1.05170 1.05170420 0.34438 0.34437949 1.12009 1.12008705 

  0.5  0.26100 0.26100299 1.06575 1.06575282 0.29570 0.29569842 1.13521 1.13520899 

10 0 0.1 0.1 0.35423 0.35422747 1.00337 1.00336781 0.39913 0.39912839 1.07059 1.07058521 

 1   0.287352 0.28735186 0.86314 0.86313586 0.33916 0.33915732 0.95827 0.95827136 

 2   0.24690 0.24690692 0.77458 0.77458149 0.30419 0.30418486 0.89014 0.89013613 

10 1 0.1 0.1 0.287352 0.28735186 0.86314 0.86313586 0.33916 0.33915732 0.95827 0.95827136 

12    0.28715 0.28714701 0.93599 0.93598525 0.33888 0.33888312 1.03576 1.03576257 

14    0.28697 0.28697711 1.00044 1.00044277 0.33865 0.33865419 1.10433 1.10433227 

Fig.17 Effects of the Brownian motion parameters, 

Lewis number, and the magnetic parameter on the local 

Sherwood number for Pr = 7 and Nr = 0.1. 
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      dimensionless temperature 

    dynamic viscosity of the fluid 

v       kinematic viscosity 

f     fluid density 

p     nanoparticle mass density 

  fc    heat capacity of the fluid 

  pc  effective heat capacity of the nanoparticle 

material 

  nanoparticle volume fraction 

w  nanoparticle volume fraction at the vertical 

plate 

  ambient nanoparticle volume fraction, 

attained as y, tends to infinity 

  stream function 
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