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The study explores heat and mass transfer characteristics of micropolar and couple
stress liquids under the influence of an inclined magnetic field between two
permeable beds. Viscous and Darcy dissipations have been accounted for in this
model. In this model, the flow is divided into three regions: Region-B contains a
micropolar liquid, while Region-A and C are occupied by couple stress liquids. Liquid
injection occurs through the lower bed, with extraction from the upper bed at the
same velocity. The Beavers-Joseph slip boundary conditions govern the liquid-
permeable bed interface. The equations that govern the flow are solved numerically
using the RK-4th order method in conjunction with the shooting method in
Mathematica. Graphical results have been presented to illustrate the effects of
pertinent parameters on velocity, microrotation, temperature, concentration, Nusselt
number, entropy generation, Bejan number, and stress distribution. Our results reveal
that the flow is suppressed by the Hartmann number, slip, permeability, and
frequency parameters. When the Brinkman number, inclination angle, and micropolar
material parameter increase, the temperature distribution also rises. However, higher
Schmidt and Soret numbers contribute to a decrease in concentration, whereas a
greater diffusivity ratio results in a rise in concentration. Entropy generation rises
with an increase in the Brinkman number but falls with the growth of the slip
parameter. Furthermore, with the rise of the permeability parameter and Hartmann
number, the Nusselt number decreases at the lower permeable bed, and it shows a
reverse trend at the upper permeable bed. A comparative analysis of our results with
those of Nikodijevic et al. [1] and Pramod et al. [2] shows excellent agreement.
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1. Introduction

optimised performance. Many studies have
explored pulsatile flow in Newtonian and non-

Pulsating flow improves mixing, heat transfer,
and system efficiency by introducing periodic
variations in velocity and pressure. It is applied in
biomedical devices (e.g., artificial hearts),
combustion engines, and heat exchangers for
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Newtonian fluids under various conditions, as
documented in references [1-13] and other
pertinent literature. Radhakrishnamacharya and
Maiti [4] studied heat transfer during pulsatile
flow in a porous channel. It was reported that at
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higher frequencies, the injection wall exhibited a
phase lag, while the suction wall showed a phase
lead. Additionally, it was noted that the Eckert
number had no influence on the phase behaviour
at either wall. Botong et al. [5] conducted a
numerical study on laminar flow within a
uniformly porous channel, considering suction
and injection at both moving walls. Their
investigation demonstrates that the
characteristics of various solutions to the
problem are determined numerically for both the
velocity coefficient and the Reynolds number.
Umavathi et al. [6] performed an analytical study
on fully developed laminar flow between vertical
parallel plates filled with two immiscible liquids
in a composite porous medium. Their analysis
revealed that the couple stress parameter
enhanced flow under sparse porosity, reduced
flow for moderate porosity, and decreased
velocity. Moreover, dense porosity led to an
increase in first-order temperature. The paper by
Makinde and Tirivanhu [7] focused on the first
and second laws of thermodynamics applied to
flow and heat transfer within a vertical channel
formed by two uniformly porous parallel plates,
with suction and injection. Their findings indicate
that, near the left wall subjected to fluid injection,
the irreversibility from fluid friction in the
presence of the magnetic field significantly
outweighs the irreversibility associated with heat
transfer. Samuel and Makinde [8] explored the
impact of Navier slip on entropy generation
within a porous channel with suction and
injection. As the pressure gradient increases, the
velocity at the injection wall rises, reaching its
maximum at the channel centerline, and fluid
temperature increases with a higher Brinkman
number, showing a minimum at the injection wall
and a maximum at the suction wall. Srinivas et al.
[9] studied the effects of chemical reactions and
Soret effects on the hydromagnetic laminar
viscous pulsating flow through a porous channel
under slip and convective boundary conditions.
Analytical solutions are provided for velocity,
temperature, and concentration. Srinivas et al.
[10] examined the effects of thermal radiation,
chemical reactions, and thermal diffusion on the
hydromagnetic pulsating flow of Casson fluid
within a porous channel. Their study results
suggest that an increase in the Hartmann number
and radiation parameter lowers the Nusselt
number distribution at the upper wall for both
Newtonian and  non-Newtonian  fluids.
Additionally, higher values of the chemical
reaction parameter and Soret number reduce the
mass transfer rate at the upper wall. Umavathi
and Anwar [11] conducted a numerical
exploration of how thermophysical properties
affect heat transfer at the interface of two
immiscible fluids within a vertical duct. Their
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study revealed that, for small values of the
Grashof number, the velocity contour appears flat
in the lower half of the duct and steep in the
upper half. Additionally, an increase in the
viscosity ratio parameter induces flow
acceleration in the upper half of the duct while
causing deceleration in the lower half. Padma and
Srinivas [12] analysed the pulsating flow of two
immiscible, conducting, and incompressible
viscous fluids in a channel filled with a porous
medium, accounting for thermal radiation effects.
Their study results indicate that an increase in
the frequency parameter of the pressure gradient
tends to induce oscillations in the unsteady
velocity and temperature profiles. Additionally,
as the frequency parameter rises, the velocity
distribution decreases. The study by Komal and
Srinivas [13] focused on the pulsatile flow
behaviour of an immiscible ternary hybrid
nanofluid in a corrugated, curved channel
Results from their study reveal that the optimal
heat transfer occurs with molybdenum disulfide
nanoparticles in an out-of-phase arrangement.
Additionally, at elevated Hartmann number
values, the influence of wall corrugations
becomes negligible.

The heat and mass transfer in pulsating flows
are crucial for enhancing transport rates in
engineering systems, leveraging unsteady flow
characteristics to improve efficiency.
Applications include cooling systems, chemical
reactors, biomedical devices, and microfluidic
technologies. Extensive research has examined
heat and mass transfer with entropy generation
in Newtonian and non-Newtonian fluid flows, as
seen in references [14-27] and related studies.
Trevisan and Bejan [14] conducted an analytical
and numerical study on combined heat and mass
transfer through natural convection in a vertical
enclosure. In their study, similarity solutions in
heat-transfer-driven flows (when Le >1) and
mass-transfer-driven flows (when Le < 1)
document the effect of changing the Lewis
number. Numerical modelling of coupled heat
and mass transfer in a square lid-driven cavity
was examined by Abdalla et al. [15]. Their results
illustrate the spectrum in which elevated heat
and mass transfer rates can be achieved for a
specific Richardson number. Umavathi et al. [16]
studied the impact of a first-order chemical
reaction in a vertical double-passage channel
under the influence of an applied electric field.
Their findings indicated that the temperature
distribution is enhanced for positive and negative
electric field load parameters across baffle
positions. In contrast, higher chemical reaction
parameters result in reduced flow in each stream
at all baffle positions. The transfer of energy and
mass properties of ice slurry in pulsating flow
was the subject of a computational study
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conducted by Cai et al. [17]. Their findings
showed that ice slurry with larger particles and
greater ice volume fractions exhibits enhanced
heat transfer. The cycle-averaged heat transfer
coefficient was found to increase with higher
pulsation frequency, relative velocity amplitude,
and mean velocity. Srinivas and Ramana Murthy
[18] examined the entropy generation rate for
the flow of immiscible micropolar fluids in a
horizontal channel bounded by porous beds.
They found that as viscous effects intensify, the
maximum entropy generation rate shifts to the
plates, where higher fluid friction causes greater
irreversibility. The entropy generation in
magnetohydrodynamic (MHD) pulsatile flow of
Jeffrey nanofluid through a porous channel,
incorporating the Cattaneo-Christov theory, is
explored by Thamizharasan and Subramanyam
Reddy [19]. Their study reveals that the nanofluid
temperature rises with an increase in the Eckert
number, thermophoretic effects, and Brownian
motion. Entropy generation is found to increase
with higher Eckert numbers and radiation
parameters, while the Bejan number grows with
an increase in the Hartmann number. Pramod
and Nithisha [20] investigated entropy
generation in micropolar and couple stress fluid
flow through an inclined porous channel utilising
the HAM. Their analysis reveals that increasing
the values of couple stress can suppress the linear
velocities of micropolar-couple stress fluid in an
inclined porous channel. Additionally, the
temperature profile within the porous channel
improves as the inclination angle increases.
Furthermore, entropy generation is highest near
the walls where the micropolar fluid flows and
lowest near the centre where the couple stress
fluid flows. Their results show that increasing the
Grashof number raises both velocity and
temperature. The Bejan number rises with the
radiation parameter for slip and no-slip
scenarios, while entropy generation decreases as
the magnetic field strength grows. Recently,
Padma et al. [21] explored a study on entropy
generation in the two-phase immiscible
magnetohydrodynamic (MHD) flow of a pulsating
Casson fluid through a vertical porous medium,
considering slip effects. Very recently, layered
non-miscible liquid flow in an inclined channel
subject to a pulsatile pressure gradient has been
explored by Komal and Srinivas [22]. Their
results revealed that a reduction in the total
velocity and concentration distributions is
observed when the nanoparticle concentration
increases from 1% to 3% and 5%. The utilisation
of the greatest shape factor values can result in
enhanced heat transfer. Vaishnav et al. [26]
conducted a computational analysis of radiative
micropolar fluid flow over a curved stretching
sheet, accounting for viscous dissipation. Their
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results revealed that the local heat transfer rate
at the surface decreases with an increase in the
magnetic parameter, while it increases with arise
in the radiation parameter.

Permeable beds enable controlled fluid flow
and filtration, playing a vital role in groundwater
recharge, oil recovery, thermal management in
various industries, environmental engineering,
construction, energy storage, and industrial
processes. Numerous studies have investigated
pulsatile flow between permeable beds with
suction and injection in both Newtonian and non-
Newtonian fluids, as highlighted in references
[28-35] and other relevant literature. Vajravelu
etal. [28] studied the combined effects of free and
forced convection in an inclined channel with

permeable boundaries where one of the
boundaries is moving. They  derived
mathematical expressions for velocity,

temperature, pressure, mass flux, fractional
increases in mass flux, and shear stress. The
pulsating flow of a stratified viscous liquid with
varying viscosity between permeable beds was
explored by Avinash et al. [30]. In their analysis,
the fluid flow is induced by an unsteady pressure
gradient, with flow dynamics between and
through permeable beds described by the
Navier-Stokes equations and Darcy’s law. The
study provides analytical solutions for steady and
unsteady velocities, volume flux, and fractional
increases, all of which are explored and
illustrated graphically. The pulsating flow of an
incompressible micropolar liquid between
permeable beds in the presence of an inclined,
uniform magnetic field was studied by Bitla and
Iyengar [33]. Deepak and Manju [34] studied
MHD pulsatile flow and heat transfer of two
immiscible couple stress fluids between
permeable beds. Their results indicated that both
velocity and temperature rise as the slip
parameter increases, while both decrease with an
increase in the porosity parameter. Mukherjee
and Shit [35] investigated the mathematical
modelling of electrothermal couple stress
nanofluid flow and entropy in a porous
microchannel during the injection process. Their
findings indicate that the nanofluid temperature
rises with an increase in the ion diffusion
coefficient, whereas it decreases with
enhancements in the porous medium’s
permeability and the couple stress parameter.
Despite considerable research into flows
between permeable beds, immiscible flow
scenarios remain underexplored.

Motivated by previous findings, this study
proposes a mathematical model for immiscible
flow between permeable beds, addressing an
area yet to be covered. These studies are crucial
for improving the modelling of immiscible flows
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by capturing micro-level stresses and particle
rotations, which are essential in fields like
enhanced oil recovery, microfluidics, biomedical
engineering, chemical processing, and
environmental remediation. Future research
could explore non-Newtonian fluid dynamics
under time-varying boundary conditions or
pulsating flows, expand to three-dimensional
studies, integrate thermal radiation effects, and
utilise machine learning for parameter
optimisation and predictive enhancement. This
model investigates heat and mass transfer in
micropolar and couple stress liquids under an
inclined magnetic field, accounting for viscous
and Darcy dissipations. It considers a system
where couple-stress liquid layers (Region-A and
C) are separated by a micropolar liquid layer
(Region-B) between two permeable beds. The
liquid is introduced through the lower permeable
bed at a prescribed velocity and withdrawn from
the upper bed at an equivalent rate. The B-] slip
boundary conditions [34] govern the fluid-
permeable bed interface. The flow equations are
numerically solved using the fourth-order Runge-
Kutta (RK-4) method combined with the shooting
technique implemented in Mathematica. The
results are presented in graphical form for
analysis and interpretation.

2. Mathematical Framework

Consider the motion of three immiscible
liquid flow layers between permeable beds under
an applied inclined magnetic field. The flow
between permeable beds is divided into three
distinct regions: A, B, and C, which are subjected
to an inclined magnetic field, as given in Figure 1.
The velocity, temperature, and concentrations of
Regions - A, B, and C are uj; 6;, ®; where
j =1,2,3 respectively. Region A (—h <y <0)
is occupied by a couple-stress liquid [34, 37],
Region B (0 < y < §) is filled with a micropolar
liquid [31,33,38,39,40,41], and Region C
(6 <y <2h) contains a couple-stress liquid.
This analysis relies on the following assumptions:

i).  The liquids are to be incompressible and
immiscible.
ii). The permeable beds are considered to be

rigid and uniform in structure.

iii). The flow is unsteady, fully developed, and

exhibits laminar characteristics.

iv). The motion of the liquid is subjected to a
periodic pressure gradient in a specific
form.

Since the flow is fully developed, which means

F: . . . . .
ﬁ =0, i.e., u is solenoidal, which results in
! . .
i = 0. Thus, the velocity, v, does not change in
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any section of the channel. Since the beds are
porous with constant suction and injection, v is V
(is constant). The equation of momentum in the

. . . a
direction of the y —axis is reduced to £ = 0.

Darcy's law is a fundamental principle for
describing flow through porous media with
minimal permeability. It is widely recognised as
the simplest and most extensively applied model,
establishing that the fluid’s filtration velocity is
proportional to the difference between the body
force and the pressure gradient. In 1856, French
engineer Henry Darcy conducted experiments to
study water flow through a vertical column of
homogeneous sand. These experiments revealed
a proportional relationship between the water
flow rate g, the applied pressure difference VP,

and other factors, expressed as: ¢ = — %VP.

For flows near impermeable surfaces, the no-
slip condition typically applies at the boundary.
However, for permeable surfaces, this condition
breaks down due to the tangential migration of
liquid within the porous medium. In such cases,
the liquid exhibits slip behaviour along the
boundary inside the porous structure,
invalidating the no-slip condition. Through
experimental investigations, Beavers and Joseph
(B]) demonstrated that velocity slip is related to
tangential stress, formalised as the BJ condition:

@ ~ (Ug —Q)[36]. In this equation, Up
dy vk

represents the slip velocity, Q the velocity within
the porous bed, K the permeability, and « the slip
coefficient. When a = 0, the condition represents
perfect slip. Conversely, as a — oo, the no-slip
condition is recovered (Uz = Q). Additionally, as
K — oo, the surface behaves as impermeable,
leading to zero normal velocity at the interface.

Here, Q1 = —(K1/m1) (9p/0x) and
Q, = —(K,/u3)(0p/0x) are Darcy velocities for
the lower and upper permeable beds,
respectively.
Ty2, Cy2 — ! T T T ™~ y= 2h
Region-C
(Couple stress liquid) y /
y =28
Region-B %
X . L
Flowdmn (Micropolar liquid)
y=0
Region-A
— (Couple stress liquid) % )

Fig. 1. Schematic flow
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The governing flow equations are :

e Region-A

(8141 Ou, ) op 82u1 o'u
|l ——HV—|=——+u— 1N
oy '

ot oy

—0.,(B CosO) u, — al u,.

oT  oT, o'T ou, \
pep, | —+V— =K —+u| —
ot oy oy oy

oc, acC, 0°C, DK, oT
—+V—L|=D, —

+— .
ot dy o’ T o

e Region-B
Ou, Ou, oP o'u s
P, +V =——+(p, +k)—;
ot oy ox oy
ON ) o, +k
+k——0,(B CosO) u, - u,.
oy k,
[ON ©oN ou, O'N
pjl —+— |=-2kN -k +y
o oy oy
oT, oT, o'T, ou,
£,€p, +V =K, —+u
ot oy oy oy

2 2
0 ON +k
k| 222N +p | — +Mu .
oy oy k,

(acz e J _, 9C DK, 2T,

a ) T T @
e Region-C
(6143 ou, j op  du
P, tV—\=——+u,—
ot oy ox oy
64u3 , M,
—-n,— — 0, (B,CosO) u, ——u,.
oy ok
0 oT, o'T,
pep | —+V—|=K, ;
0 oy oy

€y

4

)

(6)

)

®)

23

ot oy

Boundary conditions for velocity

Ou a . .
a_ylz . (ul _Ql)aul =up,
2
aL;l:O, at y=-h.
oy
ou, o’u, ou
CL = (1, +k) 22 + kN,
Hy oy U o (/uz )6)}
N=0,u1:u2,%=aa—z}2, at  y=0.
3
o, :(y2+k)%+kN,N=0,
u2:u3,%:%, at  y=o0.
dy oy
Ou a . ,
2
T o, at  y=2h
y

Boundary conditions for temperature

T,=T,, a y=-h.
T1=T2,k1%=k2%, at  y=0.

y y

T
T2=T3,k2%=k3&, at  y =0.

oy oy

r,=T,,, at y=2h

Boundary conditions for concentration

oc, ocC, 0°C, DK, T,
+V =D, —+ -
vy r o

C,=C,, a y=-h

CI:CZ,DIQ:DzaCZ, at y=0.
oy oy

CZ:C3,D2&:D3£, at  y=0.
ay oy

C3:Cw29 at y:2h

Non-dimensional flow quantities:

€))

10)

an

(12)
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=Tyt= LA VAL
h h V V
vV . wh . p kh?
t :7,(0 :7,p = 7N = R
.4 e
2
0t:Tj_Tw| q)‘*icj_cwl S':ﬂjh
! Twz_Twl’ ! CwZ_Cwl’ ! n; '
k k
Zkl_f’zkzzf’zk=Zk1_Zk2’64_h/ K.
1 1
D D
Z, =227, =23 7, =7, =7,,,.05=h/\K
D1 D] D D2 D1 D
k
7z =Pz P X7 -7
o P & P Hy ? o ”
Rg .DC
Z =0/ =0,0,=h/ KI,AZ%,

1

o =hi 0 =h/ @,M;:Bmffﬁa
P
M, Bh, M ’0'3 R, = pluh
H

s

Ra:/wm R, _pwh P JUh+k)J1:ég
Hy+k Hs V4 C,
C

pro 4o g, W’ Se__ti_ g, _ DAT
k, k AT oD, TVhAC

AT

Z,= ﬂ‘z,Q:—O' o’=o0, —(:t'“é',—é

o T,

After dropping asterisks:

e Region-A
64u o u, au aul
+RS, —
oy’ ay ot 6y

oP
+S (M Cos@) u, +S,0u, —SR( j:o.

0 (614
—+B

j Br 62u1 :
oy’ oy S, oy’

00 00,
-R Pr — 4+t +Br0'u =0.
o oy

1 o0, o6 o, 0D,
——+Sr— R =0.
Sc oy oy ot ay
. Region-B
Bzuz ON (6142 ou, j

m——R, +—
o’ oy ot oy
2 P
_((MZCOSG)“ +0, )uZ -R, (6—) =0.
) Ox
O'N  ou, (aw aw)
-n——-RP|—+—|-2nN=0.
o oy o oy

(14)

(15)

(16)

a7

a3)

24

00, 06, =z, 06, ou, \
R, Pr t— |=—— +br
ot oy z, Oy oy

ou, : oN
+mBr Z Br
ay

+(1+ m)Brazzuzz.

10, 0, (aq:z aq>zj
— —+Sr—— R, +— |=0
Sc oy’ oy~ ot oy

e Region-C

64143 azu Ou, 6u3
o' o ot oy

+S, (M3C'os6’)2 u, + Szo']zu3

opP
_SR( jo
ox

2 2 2 2
z, 00, Ou, Br [ Ou,
—— tBr|— | +
ZyZ ay a-y S2 u3 ay
00, 00,
-R Pr +Brcr u, '=0.
ot Oy
1 oo, 96, oD, oD,
——+8Sr—-R + =0.
Sc Oy Oy ot oy
2”1 —aa][u —R—ZPJ,ul':ul,
y 0
2
0o, at y=-1
oy
B AP TS
ik o S, o’
u, =u, au‘z%, at y=0.
oy Oy
3
O 20ty )Py N =,
“2 oy S, oy oy
Ou, Ou
u,=u,—~=—2, at y=94.
a 0y
Ou .
6_)}3:—0502[113 z, 232Pj,u3 =u,,
2
(2)’“; =0, at y=2

(18)

(19)

(20)

2D

(22)

(23)

In view of the pulsatile pressure gradient

we assume

op (@j (@) »
= | 4] = e
ox ox /J, ox /,

the

velocity, temperature and concentration as

follows:
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U, =u, +uﬂe'm,j =1,2,3.
N=N +Ng¢e".
0 =0 +0.¢"

J J J

O =0 +D .
J Jj1 Jj2

(24)

Steady flow equations and boundary

conditions are:

e Region-A

d4”n a’zuIl du,,

— =S —+RS —

dy dy dy

+S (M Cos0)’'u, +Sou,—SRP =0.
00, 6, Br(ou, )

RIP —=—7+— —2
dy oy S\

2
0
+Br (&j + Bro]zu]zI .
y
1 ach)11 az911 a(I)ll
— + Sr -R =0.

Se o o’ oy

e Region-B

a!zu21 dN du,,
- +m—— R2
dy dy dy

—((M.CosO) +5 )u. —Z RP =0.
((a,Cos0) + 0,

21 p1i 2t

d’N,  du, dN
= —n—=*—RP —=-2nN =0.
dy dy dy

2
EARTINNEN
’ oy z, oy’ oy

82u2| 5 Ou,,
+mBr . +4N +4—=N,

K

oy oy
ON ,
+Z,Br—+(1+m)Bro,u, .
y
L az®21 +SI" 62621 _R aq)ZI — O
Se oy o’ 2%

e Region-C

d'u d’u du

LS, —2+ RS, —+5, (M Cos0) u,,
dy dy S dy ‘
+So’u, -Z SRP =0.

273 731 P22 3 0

(25)

(26)

(27)

(28)

(29)

(30)

B

00, =z, 00, Br(du,)
RPr—==—"=—"+—| —
o oz, 0 S, \ oy

2
ou
+Br( 2 j + Brofuuz.
Oy ’

1 o', 0’0, oD,
——L+Sr— R —*=0. (33)
Sc Oy y y

(32)

aull _ 1 P
aoc, | u, — Uy =y,
oy o,
8214”
o =0, a y=-1
Y
u du ou
z, —+-(1/S)z L=(1+m)—+mN_,
ul 174 m 3 s
(o o
Ou,  Ou,
N, =0u, =u,, = s at y =0
d Oy
3 (34)
z,—=(1/8)z,,—>=(1+m)—+mN,
oy Y
ou, Ou,
N =0u, =u,,—= s at y =9,
d oy
0 3L ’*Z 3 p _
- ao—s u, Pl 2 SUy, Uy,
5
ﬁzu“
=0, a y=2
a 2
y

6,=0, a y=-1
69“ 6021
0]1:921’__Zk1 > at y =0
0
g (35)
6921 8:931
67212921, :Zk2 s at y =1
_ .
6,=1, a y=2

Steady flow Concentration Boundary conditions

@ =0, at y=-1

oo, oD,
(Dn =% 5 =% 5)/ ’ at y =0

" (36)
O =D 0y _ o, =5
[ T ~ “bp2 ’ at Y =0

oy o

D, =1, at y =2

Oscillatory flow equations and boundary
conditions are:

25
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e Region-A

d4u12 d u,
757__ dy’ dy
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~SRP =0.

2 2
126, Fefdu, E(é_j
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37)

(38)

(39)

(40)

4D

(42)

e Region-C
d4u32 _S dzu}z
dy' ’ dy’ dy
+S8,(M, cos 0)’ u, +S8,0.u,
-Z,S,RP =0.
62 32
Z, ’
2 2 2
Br( 0'u, Ou,, 5,
+— = | +Br + Brou,,.
S, \ oy oy
2 2
L 0 cD232 Sy 0 0;2 : aq)zz
Sc oy oy oy
—Riowd =0

ou R
2= a0, (”12 ]2 Pr]’uu =Up,
oy o,
2
(';;4122 =0, at y=-1
ou
&m 18Dz, 2 (14 m) P2y
oy’ oy
N" :0,”12 :uzz,aulz :Lu22 S at y =0.
o oy
3
21750z, 00 (1em) P2y
oy oy’ oy
N, =0,u,, =u32,6u22 =%, at  y=9,.
o
ou R
ayﬂ:_aas(“zz Zplgjzpcjv”n =Us,
2,
OUn_o, at y=2
0
Y

(43)

(44)

(45)

(46)

Temperature unsteady flow boundary

conditions
0,=0, at y =-1
o6 00
9122022’ == k1 22’ at y =0
oy oy
00, 00,
%=@ﬁaj=%z®a at  y =1
0,=0, at  y=2

(47)
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Unsteady flow concentration boundary

conditions

®, =0, at y=-1
oo, oo,

Pom Oy T 270 (48)
oo, oo,

CDD:(I)Z,iay =Z,, P R at y =9,

D, =0, at y =2

3. The problem's Solution

The pulsatile flow solution is provided for

velocity, temperature, and concentration
(49 - 58).
it
u, =u,, +u,e”.
u, =u, +u,,e.
2 21 22 - (49_52)
N =N_,+ N_,e".
it
Uy = Uy, +Uus,e’”.
iot
6, =6,+6,e".
it
0, =6, +0,e". (53-55)
it
0, =0, +0,e'".
D, =D, +D .
D, =D, +D,e". (56-58)

_ it
D, =P, + D e,

To address steady, oscillatory flow equations
and boundary conditions (25-58), we employed
the shooting technique integrated with the
fourth-order Runge-Kutta (RK4) scheme (Fig.
11). This approach involved transforming all
higher-order differential equations into an
equivalent system of first-order equations. The
shooting method was then utilised to solve the
resulting system, enabling the generation of
numerical results.

Key components of this methodology
included the RK-4 scheme for numerical
integration and Newton’s method for handling
nonlinear differential equations. The boundary
value problem (BVP) was reformulated as an
initial value problem (IVP), with missing slopes
estimated iteratively (see Ref. [42]). For this
study, we utilised Mathematica's built-in NDSolve
function to directly compute solutions, ensuring
both computational efficiency and accuracy. To
enhance precision, a step size of h=0.01 and an
error tolerance of 10™°® were employed
throughout the computations.
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4. Entropy Generation

Entropy generation in immiscible flows
quantifies irreversible losses due to heat transfer,
fluid friction, and interfacial mixing, helping
optimize energy efficiency and analyze flow
stability.

a0\ SBr(du\ Br(du
Eg =| — | + — |t —
dy Q \dy Q\ dy

(59)

(60)

(61)

5. Bejan Number

The Bejan number (Be) is a dimensionless
parameter that represents the ratio of entropy
generation due to heat transfer to the total
entropy generation, helping analyze
irreversibility in thermodynamic systems.

(62)

6. Nusselt Number

The Nusselt number measures heat transfer
efficiency influenced by fluid interactions and
permeability and is given by:

2

Nu, , at y=-1
> (63)
00,

Nu, = , at y=2
oy
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7. Shear Stress
Shear stress at both beds is given by:
i o
G

T at y=-1,2 (64)

8. Results and Discussion

This section presents the key characteristics
of the heat and mass transfer process, with
findings presented through graphical
illustrations (figures 2-8) and a bar chart for

(Zyl = 1’Z!12 = 1.3, Zp1 = 1'1va2 =1,

Zy=1,2,,=08, Z,;, =09, Z,, =038,

s s
Ml = 1,Za- = 1,0' = 1,0.)t :Z,g zg,
P=Py=1R,=05n=4m=0.5, Z; =1,
Pr=0.75Br =1,Z3 = 0.5,Sc= 0.5, Sr=1)
except where they are variables.

From Figure 2 (a), one can notice that an
increase in the slip parameter leads to a
reduction in velocity. This occurs because a slip
at the boundary reduces the shear stress exerted
by the surface on the fluid, weakening the
momentum transfer and slowing down the flow.

Similarly, Figure 2 (b) indicates that a
stronger magnetic field results in a decreased
velocity. This is due to the application of the
magnetic field, which induces retarding forces,
commonly referred to as Lorentz forces, that
oppose the flow by acting as resistive drag forces
in the reverse direction.

Figure 2 (c) demonstrates that velocity rises
with an increase in the Reynolds number. A
higher Reynolds number implies a dominance of
inertial forces over viscous forces, promoting
higher fluid acceleration and greater momentum
transport, thereby enhancing velocity, and
Figure 2 (d) shows that the velocity falls with an
increasing frequency parameter, even as
permeability approaches infinity. Physically, a
higher frequency parameter causes rapid
oscillations in unsteady flow, resisting large
velocity amplitudes and increasing inertia, which
reduces overall velocity.

Furthermore, Figures 2 (e) and 2 (f) reveal
that higher micropolar material and couple stress
parameters, whether in porous or non-porous
media, contribute to an increase in velocity. This
is because the micro-rotational effects and
additional stresses of micropolar and couple
stress fluids enhance momentum transport,
enabling higher flow velocities.

In Figure 2 (g), a greater inclination angle
corresponds to an enhancement in velocity, and a
greater inclination angle of the magnetic field
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reduces the opposing Lorentz force, allowing the
fluid to flow more freely. This reduction in
resistive drag leads to an increase in velocity,
whereas Figure 2 (h) highlights that a higher
permeability parameter causes a decline in
velocity.

Lastly, unsteady velocity fluctuates over time
in both slip and no-slip scenarios, as shown in Fig.

2 (i).
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Fig. 2. Velocity variation with different parameters

Figure 3 outlines the microrotation velocity
(N) variations within the core region as
influenced by different parameters.

From Figure 3 (a), one can observe that N falls
with the rise of the micropolar material
parameter.

Figure 3 (b) indicates that a higher Hartmann
number raises N near (y = 0) due to suppressed
velocity gradients enhancing rotational effects,
but lowers it near (y = §;) as the magnetic field
dampens both translational and rotational
motions.

In Figure 3 (c), an increase in the slip
parameter leads to a rise in N at the upper
interface (y = §,) and a fall at the lower interface
(y=0).

Figure 3 (d) reveals that increasing the
frequency parameter causes N to rise when it
reaches (y = 0) and to drop near (y = 81).

Figure 3 (e) shows a decline in N with an
increase in the microrotation parameter.

Figure 3 (f) highlights that higher gyration
parameters enhance N near (y = §,) and reduce it
at(y=0).

Similarly, in Figure 3 (g), arise in permeability
decreases N near (y = 0) while it enhances it near
(v = 84).

Figure 3 (h) shows that as the inclination
angle grows, N rises near (y = §,) and falls near
(y=0).

Lastly, Figure 3 (i) captures the unsteady
microrotation velocity, demonstrating its
oscillatory nature over time.
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Fig. 3. Microrotation velocity variation with
various parameters

Figure 4 depicts the temperature variation
under various parameters.

From Figure 4 (a), one can observe that an
increase in the Brinkman number leads to a rise
in liquid temperature. The Brinkman number
represents the ratio of viscous dissipation to
thermal conduction, and higher values indicate
greater heat generation due to internal friction,
which increases the fluid temperature.

Figure 4 (b) illustrates that temperature
decreases with increasing Hartmann number,

regardless of the presence of permeable
boundaries. However, the reduction in
temperature is less pronounced without

permeable boundaries compared to when they
are present.

According to Figure 4 (c), the temperature
rises as the ratio of thermal conductivities
becomes larger. This suggests that better heat
conduction in the fluid medium enhances heat
transfer, leading to a more significant rise in
temperature.

Figure 4 (d) indicates that a higher
permeability parameter causes the temperature
to decrease.

In Figure 4 (e), itis evident that an increase in
the micropolar material parameter leads to a rise
in temperature.

Similarly, Figures 4 (f) and 4 (g) demonstrate
that an increase in the couple stress parameter
and Reynolds number leads to a rise in
temperature. The couple stress parameter
enhances internal resistance, increasing energy
dissipation, while a higher Reynolds number
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amplifies shear stress, leading to greater viscous
heating.
Figure 4 (h) illustrates that an increase in the
inclination angle leads to a temperature rise.
Finally, Figure 4 (i) highlights that the
unsteady temperature fluctuates over time.

""" Zy =0
M=0,05,1,1.5
0.0 0.2 0.4 0.6 0.8 1.0

= 05p b
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=
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Fig. 4. Temperature distribution with various parameters
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Figure 5 depicts the concentration variation
under different parameters.

From Figure 5 (a), one can notice that a higher
Schmidt number limits mass diffusion, lowering
the concentration.

Figure 5 (b) shows that a higher Soret number
also leads to a reduction in concentration as
thermal diffusion drives lighter species away.

According to Figure 5 (c), the concentration
increases as the ratio of diffusion coefficients
becomes larger.

Finally, Figure 5 (d) highlights the unsteady
concentration, which exhibits fluctuations over
time due to transient mass transport effects.
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Fig. 5. Concentration variation with several parameters

Figure 6 shows the changes in the Nusselt
number under varying parameters.

As seen in Figures 6 (a) and 6 (b), increasing
permeability decreases the Nusselt number at the
LPB due to reduced temperature gradients but
enhances heat transport at the UPB via
convection.

Figures 6 (c) and 6 (d) indicate that a higher
Hartmann number suppresses convective heat
transfer at the LPB due to magnetic damping but
stabilises the flow and improves heat transfer at
the UPB.

Figures 6 (e) and 6 (f) illustrate that higher
Reynolds numbers enhance convective mixing
and heat transfer at the LPB but destabilise the
thermal boundary layer at the UPB, reducing the
Nusselt number.

Similarly, Figures 6 (g) and 6 (h) demonstrate
that higher Brinkman numbers increase viscous
dissipation at the LPB, boosting heat transfer, but
reduce the thermal gradient at the UPB, lowering
heat transfer rates.
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Fig. 6. Nusselt number variation with pertinent parameters
for (Z,, = 1.1, Z, = 0.8,M; = 0.5,Z, =5,
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Figure 7 shows entropy generation influenced
by various parameters using 2D and 3D plots.

Figures 7 (a) and 7 (e) demonstrate that
entropy generation exhibits an increasing trend
with a rise in the Brinkman number, as higher
viscous dissipation leads to greater heat
production and irreversibilities within the
system.

Figures 7 (b) and 7 (f) illustrate that a higher
dimensionless temperature difference parameter
enhances the heat transfer driving force,
reducing irreversible losses and lowering
entropy generation. This reflects improved

thermal efficiency in the system.

Figures 7 (c) and 7 (g) demonstrate that an
increase in the Hartmann number reduces
entropy generation. This implies that the Lorentz
force generated by the magnetic field suppresses
velocity gradients, leading to a reduction in

entropy generation due to fluid friction.

Figures 7 (d) and 7 (h) illustrate that an
increase in the slip parameter reduces entropy
generation by weakening the no-slip condition at
the boundary, thereby diminishing frictional
effects and viscous dissipation near the walls,

leading to lower irreversibilities in the system.
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Fig. 7. Variation of entropy generation with different parameters using 2D and 3D plots for (Z,, = 0.9, Z,; = 1.2,Z,, = 0.7, Z;; =
Zwy=15,Zy =14, Zp, =1,M; =05, Z, =50 =17, 0wt = g, P,=P, =07 0= E,Rl =05n=05A=10=0.11I=0.5).
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Figure 8 shows parameter effects on the Bejan
number through 2D and 3D plots.

In Figures 8 (a) and 8 (e), which depict the
variation of the Bejan number with Brinkman
number (Br), one can observe that with the rise
of the Brinkman number, the Bejan number
approaches 1, suggesting that heat transfer
becomes the dominant source of irreversibility.

Figures 8 (b) and 8 (f) show that increasing
the dimensionless temperature difference
parameter raises the Bejan number, indicating
dominant heat transfer irreversibility. This
highlights the significant role of temperature
gradients in entropy generation.

Figures 8 (c) and 8 (g) show that increasing
the Hartmann number enhances the Lorentz
force, suppressing velocity gradients and
reducing friction-induced entropy, thereby
increasing the Bejan number due to heat transfer
dominance.

Finally, Figures 8 (d) and 8 (h) show that with
an increase in the slip parameter, the Bejan
number decreases near the walls due to reduced
frictional irreversibilities, while it increases in
the middle zone as thermal irreversibilities gain
dominance over viscous effects. This highlights
the contrasting influence of slip conditions across
different regions of the flow.



Vangalapudi & Srinivas / Journal of Heat and Mass Transfer Research 13 (2026) 19 - 41

0.5F d 5
0.4+ b
0.3F 1
]
m
0.2F ]
0.1+ b
= ,1,152
0.0 ks , , , , f ]
-1.0 -0.5 0.0 0.5 1.0 1.5 2.0

y

Fig. 8. Bejan number variation with various parameters using 2D and 3D plots. (Z,, = 0.9, Z,; = 1.2,Z,, = 0.7,Z); = Z), =
1.5, Zp, = 14, Zp, = 1,M; = 0.5, Z, = 5,0 = 1.7,wt = g P,=Py=07 0= g,Rl =05n=05A=10=0.1,I=0.5).

Figure 9 illustrates the variation in shear
stress under different parameters at both
permeable beds.

In Figure 9 (a), the shear stress rises with an
increase in the slip parameter.

Conversely, Figure 9 (b) shows thatincreasing
the Hartmann number reduces shear stress at
both beds due to the damping effect of the
magnetic field. The Lorentz force suppresses
velocity gradients, leading to lower wall friction.

Figure 9 (c) highlights that a rise in the
permeability parameter leads to an increase in
shear stress at both permeable beds.

Similarly, Figures 9 (d) illustrate that as the
Reynolds number increases, the shear stress at
both permeable beds rises, attributed to
enhanced inertial forces overcoming viscous

resistance.
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Fig. 9. Shear Stress distribution with different parameters

Figure 10 presents a comparative analysis of
velocity, temperature, and shear stress.

Figure 10 (a) illustrates that when the
permeability and couple-stress fluid parameters
approach infinity with the absence of porosity,
and inclination angle (Z;, = Z, = o0, 0 = 0 = 0).
The results of the present study align with those
reported by [2], while the findings of [1] are
recovered in the absence of the micropolar,
gyration, and microrotation parameters,
demonstrating excellent agreement in the
velocity profile.

Figure 10 (b) demonstrates that the
temperature profile aligns with Reference [1] by
exhibiting suppressed values (Z;= Z, =
w, o=0=m=n= Pj=Ec=0).

The variation of shear stress with respect to
the Hartmann number and micropolar material
parameter demonstrates good agreement with
the results provided in reference [2], as
illustrated in Table 1.

>
04+
03F
=3
0.2+
Nikodijevic et al.[I]
0.1 Pramod Kumar et al.[2]
----- Present work
0.0

-1.0 -0.5 0.0 0.5 1.0 1.5 2.0
y



Vangalapudi & Srinivas / Journal of Heat and Mass Transfer Research 13 (2026) 19 - 41

0.6F

0.2

0.0

Nikodijevic et al.[1]

----- Present work

-1.0 -0.5 0.0

Fig. 10. Comparative study

Table 1. Shear stress

Present work Pramod Kumar et al.[2]
M T(upper)  t(upper)

1 0.4828 0.4828

3 0.2214 0.2214

5 0.1373 0.1373

m=0.08 0.4812 0.4812

1 0.4828 0.4828

2 0.4835 0.4835

|VP(Initial value

problem) Apply Newtons
| method for
Alocate the missing changing initial
initial estimated values
Applle-K
fourth Order
method to J—' s:]_mh;l'on
solve [VP o ——
residues are
smaller than
[imit

Fig. 11. Flow Chart for Shooting technique

9. Conclusions

This study explores the flow of micropolar
and couple stress immiscible liquids between
permeable beds, focusing on entropy generation.
In this model, the flow is divided into three
Regions: Region A and C are occupied by couple
stress liquids, while Region-B contains a
micropolar liquid. The Darcy law and the B-] slip
conditions are implemented at the liquid-
permeable bed interfaces. Assuming that the
flow is subjected to a periodic pressure gradient
and is fully developed, the velocity, microrotation
velocity, temperature, and concentration are
separated into steady and oscillatory
components. The equations that govern the flow
have been solved numerically by using the RK-4t
order method with the shooting technique in

37

Mathematica software. The resulting graphs
reveal the influence of various parameters on
velocity, microrotation-velocity, temperature,
concentration distributions, Nusselt number,
entropy generation, Bejan number, and shear
stress have been presented and analysed. The
results of this investigation are summarised as
follows:

e Flow suppression is influenced by the
Hartmann number, slip, permeability, and
frequency parameters, while the Reynolds
number, couple stress parameter, inclination
angle, and micropolar fluid material
parameter promote flow intensification.

e The microrotation velocity increases near the
(y = 6;) and decreases near the (y = 0) of
the central region, influenced by parameters
such as porosity, slip, and inclination angle.

e Within the core region of the channel, the
microrotation velocity decreases near the
upper interface of Region-B, where the
couple stress fluid flows, but increases near
the lower interface with higher Hartmann
and frequency parameter values.

e An increase in micropolar, couple stress and
microrotation parameters decreases
microrotation velocity within the core region.

e When the Brinkman number, Reynolds
number, inclination  angle, thermal
conductivity ratio, and micropolar material
parameter rise, the temperature distribution
increases. In contrast, raising the Hartmann
number and permeability results in a decline
in temperature distribution.

e A rise in the Schmidt and Soret numbers,
results in a reduction of concentration,
whereas a higher diffusivity ratio leads to a
fall in liquid concentration.

e Entropy generation increases with the
Brinkman number, while a higher
temperature difference parameter reduces it.

e The Bejan number rises with the Brinkman
number and the dimensionless temperature
difference parameter.

e As the permeability parameter and
Hartmann number increase, the rate of heat
transfer falls at the LPB and enhances at the
UPB. On the other hand, with higher
Brinkman and Reynolds numbers, the rate of
heat transfer rises at the LPB and diminishes
at the UPB.

e Shear stress rises with increasing slip,
permeability, and Reynolds number. In
contrast, it diminishes as the Hartmann
number increases.
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e In the absence of the inclination angle,
porosity, and when taking the permeability
and couple-stress parameters to infinity, our
results show strong agreement with the

findings of [2].
micropolar

Furthermore, when the
material, gyration, and

microrotation parameters are also neglected,
the results align with those of Ref. [1].

Nomenclature

D; Diffusion coefficient

Pj Density

Hj Viscosity

ByCos6 Inclined magnetic field

k; Thermal conductivity

R; Reynolds number

A Diffusion parameter

Oyj Electrical conductivity

P Micropolar parameter

a Slip parameter

M; Hartmann number

n;,Sj Couple stress parameters
Br = Ec * Pr  Brinkman number

N Microrotation velocity

U Velocity

Cpj Specific heat

m,n,Zg Micropolar parameters

4 Suction and injection parameter
G Concentration

Sr Soret number

Sc Schmidt number

up, ug Slip velocities

X,y Coordinates of the channel
Tw1, Twa Temperature at both beds
Cw1,Cw2 Fluid Concentration
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Zp1,Zp2 Ratio of diffusion

Zy1, Zi Ratio of thermal conductivity
Zy1: Zyz Ratio of viscosity

Zp1,Zp2 Ratio of density

Zs- Permeability within beds

0,0; Porosity parameters

Q Dimensionless temperature diff.
I Dimensionless concentration diff.
LPB Lower Permeable Bed

UPB Lower Permeable Bed

S1, S, Couple stress parameter
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