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 This study numerically investigates the thermal and rheological performance of a double-

pipe heat exchanger (DPHE) with an inner elliptical duct (with an aspect ratio of 0.25) 

using non-Newtonian nanofluids comprising multi-walled carbon nanotubes (MWCNTs) 

dispersed in water, stabilized with 0.2 wt.% cationic chitosan. Employing the finite volume 

method, we demonstrate that elliptical ducts significantly enhance heat transfer compared 

to circular tubes, increasing the number of transfer units (NTU) by up to 25% and 

effectiveness by 17%. The incorporation of MWCNTs further improves heat transfer by 

enhancing thermal conductivity, achieving up to 30% increase in NTU and 20% in 

effectiveness. Despite higher pressure losses in elliptical ducts, the shear-thinning 

behavior of the nanofluids mitigates these losses at higher flow rates, reducing pumping 

power requirements. These findings highlight the potential of combining elliptical ducts 

and non-Newtonian nanofluids to optimize DPHE efficiency, offering significant 

implications for energy-efficient heat exchanger designs in industrial applications. 
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1. Introduction 

Heat exchangers are ubiquitous devices, 
seamlessly integrated into our everyday 
appliances such as refrigerators, air conditioners, 
automobiles, and even coffee makers. They are 
also essential components in various industrial 
settings, including power plants, nuclear 
facilities, oil refineries, and food processing 
factories. In response to the growing demand for 
energy and mounting environmental concerns, 
researchers globally are actively working to 
improve heat transfer within heat exchangers 

and promote energy conservation [1]. To achieve 
these goals, two fundamental techniques are 
employed.  

The first is known as the active technique, 
which involves the utilization of external heat 
sources, albeit at the cost of additional energy 
consumption. The second technique, referred to 
as the passive technique, does not rely on 
external energy sources. Instead, it improves heat 
exchange by expanding the exchange surface, 
inserting turbulators, or augmenting the thermal 
properties of the working fluids. 
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The double pipe heat exchanger (DPHE) is 
widely popular due to its cost-effectiveness, 
simplicity, operational ease, and ability to handle 
high pressure and temperature. It is used across 
various industries, including food processing, 
chemical manufacturing, pharmaceuticals, and 
more [2, 3]. Scholars have proposed numerous 
techniques to enhance the efficiency of this 
category of heat exchanger, with a key focus on 
the use of passive techniques to improve heat 
transfer. Many methods have been recommended 
to extend the heat transfer area. Huu-Quan et al.  
[4] investigated turbulent forced convective heat 
transfer in double-pipe heat exchangers featuring 
flat inner pipes. They noted that flat tubes 
inherently possess a larger surface area 
compared to round tubes, even when they share 
the same cross-sectional area. They discovered 
that for Reynolds numbers below 7000, 
employing flat inner pipes with a low aspect ratio 
was beneficial, resulting in increases of 
approximately 2.9% in the overall convective 
heat transfer coefficient, 2.7% in thermal 
effectiveness, and 16.8% in the performance 
index. Conversely, for Re > 7000, circular inner 
pipes outperformed flat ones, indicating that the 
choice of inner pipe geometry should be based on 
Reynolds number considerations for heat 
exchanger design. Zhang et al. [5] utilized 
numerical simulations with the k-ε model to 
examine thermal response and fluid flow in a 
cross-combined dimple tube, proposing a novel 
enhancement model based on composite-shaped 
surfaces. The main function of these dimples is to 
augment the heat transfer area and induce 
turbulence in the flow. Their findings showed 
that compared to a single ellipsoidal dimple tube, 
heat transfer increased by 18.8–48.3%, with an 
average of 24.8%. Corcoles et al. [6] explored the 
influence of geometric variations through 3D 
numerical simulations, analyzing how different 
designs of eight spirally corrugated inner tubes 
impact performance in a double-pipe heat 
exchanger under turbulent flow (Re = 25,000). 
They explored various combinations of pitch and 
height for the corrugated tubes, with particular 
emphasis on the enhanced heat exchange 
capabilities provided by the larger surface area of 
the corrugated tubes. Luo et al. [7] delved into the 
performance of a double-pipe heat exchanger 
design featuring two oval pipes with varying 
twist pitches. Their numerical analysis in the 
laminar flow regime revealed that as the twist 
pitch ratio between the outer and inner pipes 
grew, heat transfer initially surged before 
tapering off. Notably, the increase in flow 
resistance was much less pronounced than the 
heat transfer boost. The most remarkable 
improvement occurred at a twist pitch ratio of 
1.5, where the Nusselt number rose by 97.0%, 

while the friction factor only climbed by 43.7%, 
outperforming a standard straight annular pipe. 

On the other hand, many scholars are actively 
exploring the utilization of turbulators (vortex 
generators) as an innovative and highly effective 
approach to enhance turbulence, thereby leading 
to improved heat transfer characteristics [8]. 
Karaouei and Ajarostaghi [9] introduced a new 
design for a double-coil heat exchanger, 
incorporating an innovative curved swirl 
generator in the inner channel. Their 
investigation revealed that enlarging the inner 
radius of the turbulator by 26.7% could amplify 
effectiveness by a remarkable 80%. Meanwhile, 
increasing the radius of the turbulator's holes by 
133.34% resulted in a more modest yet still 
impressive 50% boost in effectiveness, both at 
controlled mass flow rates. Noorbakhsh et al. [10] 
explored numerically the impact of varying 
twisted tape geometries in both tubes of a 
double-pipe heat exchanger to enhance heat 
transfer. They discovered that adding more 
twisted tapes, ranging from one to four, boosted 
the Nusselt number by 3.1%. However, this gain 
in heat transfer came at a cost: pressure drop 
surged by 64%, and the coefficient of 
performance dropped by 63.9%. Nakhchi et al. 
[11] investigated the enhancement of heat 
transfer and entropy generation in double-pipe 
heat exchangers by employing turbulent 
nanofluids combined with innovative perforated 
cylindrical turbulators. They found that these 
perforated turbulators achieved a considerably 
higher thermal performance factor.  In a second 
study [8], the authors examined the thermal 
performance of double-pipe heat exchangers 
enhanced with innovative double perforated 
inclined elliptic turbulators. Their results 
revealed a significant boost in heat transfer, with 
the turbulators increasing the average Nusselt 
number by an impressive 217.4% compared to 
tubes without vortex generators. 

Following Eastman et al.'s pioneering work 
[12], which demonstrated that adding 
nanoparticles to a fluid creates a nanofluid with 
significantly improved thermal properties, 
especially a marked increase in thermal 
conductivity, numerous researchers have since 
focused on integrating nanofluids into heat 
exchanger designs to make use of  these 
enhanced performance characteristics [13-16]. 
Noorbakhsh et al. [17] used numerical 
simulations to delve into heat transfer 
enhancement in a DPHE outfitted with twisted 
tapes acting as swirl generators on both the hot 
and cold sides. They tested three nanofluids 
(water-based mixtures with Al2O3, CuO, and SiO2 
nanoparticles), flowing through the hot stream. 
Their findings revealed that CuO/water nanofluid 
outperformed the others, showing a remarkable 
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7% improvement in thermal performance 
compared to pure water at Re = 5492. Meanwhile, 
SiO2/water nanofluid delivered the least 
enhancement (2.5%) at Re = 3343.  Additionally, 
they noted that the choice of nanoparticle 
concentration affected thermal performance 
differently at lower and higher Reynolds 
numbers. Bahmani et al. [18] explored forced 
convection in a DPHE using nanofluids with both 
constant and variable thermophysical properties. 
In their study, distilled water flowed through the 
annulus, while Al2O3/water nanofluid circulated 
in the inner tube. Their findings revealed that 
increasing the nanoparticle volume fraction and 
Reynolds number significantly enhanced the heat 
transfer rate. However, they also found that 
thermal efficiency was superior when 
thermophysical properties were treated as 
constant, while the average Nusselt number was 
higher when variable properties were 
considered.  

Recently, researchers have been drawn to the 
exploration of multi-walled carbon nanotubes 
(MWCNTs) due to their exceptional thermal 
conductivity, sparking significant interest in their 
study and application in various fields [19-23]. In 
their experimental study, Moradi et al. [24] 
explored the heat transfer behavior of 
MWCNTs/water nanofluids within a 
countercurrent DPHE, enhanced by porous 
media. They uncovered that integrating plate 
porous media led to a substantial increase in the 
heat transfer coefficient, with the greatest 
improvement of 35% occurring at the lowest 
nanofluid mass fraction of 0.04%. Karaouei et al. 
[25] carried out a numerical study to assess the 
thermal performance of a helical DPHE, enhanced 
by a novel curved turbulator and two types of 
hybrid nanofluids: silver-graphene/water and 
MWCNT-Fe3O4/water. Their findings revealed 
that the heat exchanger's thermal efficiency was 
at its lowest with a volume concentration of  
φ = 0.1%, while it reached its peak at φ = 0.7%. 
Fathian et al. [26] performed an experimental 
study to examine the effect of adding single-
walled and multi-walled carbon nanotubes to 
distilled water in helical annuli, utilizing a DPHE 
with different coil geometries. They discovered 
that the nanofluid flow produced significantly 
higher Nusselt numbers compared to the base 
fluid flow. Additionally, they developed a 
correlation to predict Nusselt numbers, which 
showed a good agreement with the experimental 
data, offering a reliable tool for heat transfer 
prediction in similar systems. 

In addition, the introduction of nanoparticles 
into a base fluid has a profound impact on its 
viscosity and rheological behavior [27-30]. 
Depending on factors such as the base fluid type 
and the shape, size, and characteristics of the 

nanoparticles, some nanofluids exhibit a typical 
Newtonian flow behavior [31-34], while others 
demonstrate non-Newtonian characteristics [35, 
36]. Existing literature shows that, in most cases, 
non-Newtonian nanofluids exhibit shear-
thinning behavior as the nanoparticle 
concentration increases  [37-40]. However, in 
certain instances, an opposite trend is observed, 
where shear thickening behavior becomes more 
pronounced as the nanoparticle concentration 
rises [41-46], adding complexity to the fluid 
dynamics. 

In this context, the use of elliptical ducts and 
nanofluids can be classified as passive 
techniques, as they do not require external 
energy sources. For a given cross-sectional area, 
an ellipse has a larger perimeter than a circle, 
which enhances the flow dynamics and heat 
transfer. Early theoretical studies on forced 
convection in elliptical ducts demonstrated that 
flattening the duct, while maintaining a constant 
cross-sectional area, significantly improves the 
heat transfer coefficient [47-50]. This effect 
highlights the potential of elliptical ducts as an 
effective means of optimizing heat transfer 
without the need for additional energy input. The 
experiment conducted by Abdel-Wahed et al. [51] 
validated the Nusselt number enhancement 
predicted by the theoretical work of Javeri [52]. 
On the other hand, numerous experiments and 
numerical studies [53-58] have highlighted the 
remarkable thermal performance of elliptic tube 
bundles in crossflow, showing that their use in 
heat exchangers can lead to substantial 
improvements. For instance, Matos et al. [53, 54] 
found that elliptic tubes could boost heat transfer 
by up to 20%, while Li et al. [55] observed a 
significant 30-40% reduction in pressure drop 
compared to conventional circular ducts. With 
such impressive efficiency gains, Ibrahim and 
Gomaa [56] concluded that heat exchangers 
featuring elliptic tube bundles play a key role in 
advancing energy conservation efforts, offering a 
promising path toward more sustainable designs.  

Previous studies have consistently shown that 
elliptical ducts with an aspect ratio of 0.25 offer 
superior thermal performance [21, 47, 49]. 
Building on this foundation, our study 
investigates the potential of combining elliptical 
ducts with an aspect ratio of 0.25 and non-
Newtonian nanofluids to further enhance heat 
exchanger efficiency. To this end, we develop a 
numerical model of a double-pipe co-current heat 
exchanger using the finite volume method. We 
then conduct a comparative analysis of the 
thermal performance between elliptical ducts 
and traditional circular tubes. In addition, we 
explore how nanoparticle concentration and 
rheological behavior influence thermal 
performance, focusing on non-Newtonian 



Behnous et al. / Mechanics of Advanced Composite Structures 13 (2026) 73-88 

76 

nanofluids consisting of MWCNTs dispersed in 
water and stabilized with 0.2 wt.% cationic 
chitosan. This approach is novel as it 
synergistically combines the enhanced heat 
transfer surface of elliptical ducts with the 
superior thermal conductivity and shear-
thinning properties of non-Newtonian 
nanofluids, offering a passive technique to 
significantly improve DPHE performance without 
external energy input. The next section outlines 
the mathematical model and numerical approach 
used in our study, followed by a detailed 
description of the methodology for assessing the 
heat exchanger’s thermal performance. Section 4 
delves into the thermal and rheological behavior 
of the non-Newtonian nanofluids, and Section 5 
presents an in-depth discussion of the results. 
The paper concludes with a summary of the key 
findings. 

2. Model Description and Numerical 
Method 

2.1.  Description of the Double-Pipe Heat 
Exchanger 

To investigate the performances of elliptical 
ducts in heat exchanger applications, we consider 
two DPHEs: one is equipped with an inner 
elliptical tube with an aspect ratio of 0.25, and the 
second is fitted with a circular pipe. A schematic 
geometry of the considered DPHE is shown in Fig. 
1.  

 
Fig. 1. Schematic geometry of the double-pipe heat 

exchanger with elliptical tube 

For fair comparisons, the external tube is 
always circular with a constant diameter Dext; 
however, the inner tube can be either circular or 
elliptical with the same cross-section area Λin. 
The interface Γin, between the annular space Λan, 
and the inner space Λin, has no significant thermal 
resistance (the interface thickness is zero), 
whereas the external wall Γin, is adiabatic. Both 
the hot and the cold fluid enter from the same 
side at z = 0 (co-current configuration), with 
constant temperature and uniform velocity. This 
geometry is relevant to engineering processes, 
such as compact heat exchanger designs in 
chemical processing and HVAC systems, where 
elliptical ducts are advantageous due to their 

ability to fit in constrained spaces while 
maximizing heat transfer surface area. The 
geometrical parameters of the two heat 
exchangers are listed in Table 1.   

Table 1. Geometric parameters of the considered double-
pipe heat exchangers 

Parameters  DPHE with  

circular tube 

DPHE with 

elliptical tube 

Dext (mm) 30  30  

a (mm) 10  20  

b (mm) 10  05  

L (mm) 2000  2000  

Λin (mm²) 78.54   78.54  

Λan (mm²) 628.32  628.32  

S (m²) 0.06283  0.08590 

Dh,in (mm) 10  7.31 

Dh,an (mm) 20  18.32 

2.2. Mathematical Modeling   

To solve the coupled system of fluid flow and 
heat transfer, the following assumptions are 
made to simplify the numerical resolution: 

i). The thermo-physical properties are 
thermo-independent and constant; 

ii). The flow is incompressible, single-phase 
and laminar; 

iii). Effects of gravity and other body forces 
are neglected, as well as viscous 
dissipation and axial conduction; 

iv). Both the heat transfer and the fluid flow 
are in a steady-state. 

Based on the above assumptions and the heat 
exchanger geometry, the governing equations are 
derived from fundamental principles of fluid 
dynamics and heat transfer [59], and expressed 
as follows: 

• At the inner tube, the continuity, the 
momentum and the energy equations are 
given as, respectively [59]: 

( ). 0
in in
V =


  (1) 

( )

( )

.

.
2

in in in in

Tin

in in

V V p

V V





 = −

+  +
 
 
 



  (2) 

( ) 2
.

in in in in in in
Cp V T T  = 


 (3) 
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subject to the following inlet and boundary 
conditions (inlet velocity, no-slip boundary 
condition, outlet pressure, and inlet boundary 
condition, respectively) [59]: 

0,
, ( , ) & 0

in in in
V V x y z=  =


 (4) 

0 , ( , , )
in in
V x y z= 


  (5) 

, ( , ) &in o inp p x y z L=  =  (6) 

0,
, ( , ) & 0

in in
T T x y z=  =  (7) 

• At the annular space, the continuity, 
momentum and energy equations are 
defined as [59]: 

( ). 0
an an
V =


  (8)

( )

( )

.

.
2

an an an an

Tan

an an

V V p

V V





 = −

+  +
 
 
 



  (9) 

( ) 2
.

an an an an an an
Cp V T T  = 


 (10) 

with the following corresponding inlet and 
boundary conditions (inlet velocity, no-slip 
boundary condition, pressure outlet condition, 
inlet temperature and adiabatic external wall, 
respectively) [59]: 

0,
, ( , ) & 0

an an an
V V x y z=  =


 (11) 

0 , ( , , )
an in ext
V x y z=  


 (12) 

, ( , ) &
an o an
p p x y z L=  =  (13) 

0,
, ( , ) & 0

an an
T T x y z=  =  (14) 

0 , ( , ) &an

an ext ext

T
x y 




− =  ⊥ 


 (15) 

• At the interface that separates the inner 
space and the annular space, Γin (See Fig. 1), 
a coupling condition is imposed to ensure the 
heat transfer between the inner fluid and the 
outer one as follows [59]: 

, ,

( , , )
,
&

, ( , , )

inin an

in an

in

w in w an w in

x y zT T

T T T x y z

 
 

 
− =

⊥  

= = 







     (16) 

In case of a non-Newtonian fluid, the viscosity 
is described by the power-law model as follows 
[60]: 

( )
1

K


 
−

=    (17) 

where K is the consistency coefficient, and η is the 
flow behavior index. The power-law model was 
chosen for its simplicity and accuracy in 

capturing the shear-thinning behavior of 
MWCNT-water nanofluids, as validated by 
experimental data [36, 40].  

2.3.  Numerical Resolution 

The above set of nonlinear PDEs and 
boundary conditions is solved using the Finite 
Volume Method (FVM)[59, 61]. FVM was selected 
due to its robustness in handling complex 
geometries and coupled fluid-thermal problems, 
offering advantages over analytical methods, 
which are less practical for non-linear, non-
Newtonian flows in elliptical ducts [61]. The 
discretization of the convective and diffusive 
terms has been done using the second order 
upwind method, whereas the pressure and the 
velocity were decoupled using the Semi Implicit 
Method for Pressure Linked Equations, SIMPLE 
[59]. For all cases treated in this study, the 
solution is considered convergent if all residuals 
(momentum, continuity, and energy) are less 
than 10-6, ensuring the robustness and accuracy 
of the numerical approach. 

3. Heat Transfer Characteristics  

The quantity of heat exchanged by the hot and 
the cold fluids during their passage through the 
DPHE is defined as flow [62]: 

( ) ( ), , , ,h h h h i h o h h i h o
Q m Cp T T C T T= − = −  (18) 

( ) ( ), , , ,c c c c i c o c c i c o
Q m Cp T T C T T= − = −  (19) 

Since our heat exchanger has no thermal 
resistance at the interface, the amount of heat 
yielded by the hot fluid is equal to the quantity 
absorbed by the cold fluid, thus the effectiveness 
of the heat exchanger can be written as flow [62]: 

( )
( )

( )
( )

, , , ,

, , , ,

h h i h o c c o c i

min h i c i min h i c i

C T T C T T

C T T C T T


− −
= =

− −
     (20) 

where the mean inlet and outlet temperatures 
can be computed as follows [61]:  

1
( , ) ( , )

av

T V x y T x y ds
V



= 





 (21) 

The average heat transfer coefficients from 
both sides of the interface, the cold side and the 
hot side are given as, respectively:  

( )
, ,

c

c

w av b c

Q
h

S T T
=

−
  (22) 

( ), ,

h

h

b h w av

Q
h

S T T
=

−
  (23) 

here, Tw,av is the interface average temperature, 
and Tb is the fluid bulk temperature.  
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The two temperatures are computed as 
follows, respectively [62]: 

,

1
w av w

S

T T ds
s

=    (24) 

1
( , , ) ( , , )

b

Lav

T V x y z T x y z dv
L V



= 
 




 (25) 

The average Nusselt number for any side is 
given by [63-65]: 

h
h D

Nu


=   (26) 

The overall heat transfer coefficient as well as 
the number of transfer units, NTU, are computed 
as follows, respectively [62]: 

h c

h c

h h
U

h h


=

+
  (27) 

min

US
NTU

C
=   (28) 

4. Thermo-Physical Properties of 
Nanofluids 

The addition of MWCNTs to a fluid has mainly 
two effects: one, augmentation of the thermal 
conductivity, and two, the shear-thinning 
behavior. In this study, a non-Newtonian 
nanofluid consisting of MWCNTs dispersed in 
water and stabilized by adding 0.2 wt% of 
cationic chitosan as a stabilizer is considered 
[40]. This nanofluid strongly exhibits shear-
thinning behavior as the percentage of nanotubes 
increases [39-42].  

The thermal and rheological data of 
MWCNT/water nanofluid needed in the following 
simulations have been extracted from [40], and 
presented in Table 2. The power-law model used 
here offers advantages such as simplicity and 
accuracy in modeling shear-thinning behavior, 
but it has limitations, including its inability to 
capture complex rheological behaviors at very 
low or high shear rates [66]. 

Table 2. Power law indices and thermal conductivity 
measurements for MWCNT-water with respect to mass 

concentration [40] 

φ  

(wt. %) 

ϕ  

(vol %) 

K  

(Pa.sη) 

η 

 (−) 

κ 

(W/mK) 

0.00 0.00 0.0113 1.0000 0.589 

1.00 0.48 0.0167 0.8831 0.606 

2.00 0.95 0.2725 0.5078 0.621 

3.00 1.43 0.7711 0.3023 0.656 

5. Simulation Results and 
Discussions  

Mesh size has a significant influence on results 
quality. To guarantee their accuracy, several grid 
sizes have been tested to select an appropriate 
sizing so that for each simulation, the outputs are 
independent of grid size. In this test, we consider 
only the base fluid flowing in both annular and 
inner space with the same inlet velocity,  
V0,in,an = 0.01 m/s. The fluid entering the inner 
duct has a temperature T0,in = Tc,i = 300 K, 
whereas the one entering the annular space has 
an inlet temperature T0,an = Th,i = 350 K. The heat 
exchanger mesh consists of a sweep with a fixed 
step along the z-axis of the quadrilateral mesh in 
the cross-section presented in Fig. 2.  

 
Fig. 2. Mesh in the cross-section of the heat exchanger 

Four mesh settings, namely, M1, M2, M3, and 
M4 have been considered, and the simulation 
results are presented in Table 3. To ensure 
accuracy and reliability of the present numerical 
model, for each mesh setting, we have computed 
several parameters, which are listed in Table 3, 
for comparisons and analysis.  

Theoretically, since our heat exchanger is 
ideal, with no heat losses at walls, the amount of 
heat absorbed by the cold fluid must be the same 
as the one yielded by the hot fluid if the 
simulation is working correctly (Qc = Qh). In Table 
3 we observe that the deviation between Qc and 
Qh narrows as the mesh size increases, and in all 
cases the deviation is less than 0.4%. This means 
that our numerical model translates with high 
fidelity the physical behavior of an ideal heat 
exchanger. In addition, we have computed the 
deviation between different parameters obtained 
with M3 and M4. As shown in the last column, the 
gaps between the computed results are less than 
0.6%. Since M3 requires less CPU time and 
memory usage than M4 (30% in time 
consumption, and 15% in the number of nodes 
and elements), the mesh M3 is the one used in the 
remaining part of this study for both cases of 
elliptical and circular inner duct. 
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Table 3. Mesh size influence on thermal and hydraulic parameters 

 M1 M2 M3 M4 Dev (M3 vs. M4) 

Nodes 1056055 1648647 1924923 2215213 -- 

Elements  995000 1569000 1833000 2111000 --  

,h o
T (K) 344.896 344.892 344.890 344.888 0.00% 

,c o
T  (K) 340.987 340.950 340.943 340.938 0.00% 

Qh  (W) 133.633 133.744 133.799 133.834 0.03% 

Qc   (W) 134.135 134.013 133.990 133.976 0.01% 

Dev (Qh vs. Qc)  0.38% 0.20% 0.14% 0.11% -- 

h
h  (W/m²K) -171.070 -172.325 -173.198 -173.331 0.08% 

c
h  (W/m²K) 271.501 272.571 273.796 275.354 0.57% 

an
p  (Pa) 27.740 27.800 27.790 27.770 0.11% 

in
p  (Pa) 149.410 150.300 151.500 151.790 0.19% 

NTU 2.755 2.771 2.785 2.792 0.27% 

CPU time (s) 1884.4 1345.2 2814.6 3866.1 -- 

 

 
Fig. 3. Model Validation: comparative analysis of Darcy 

friction and Nusselt number for circular and elliptical duct 

To validate the model predictions, Fig. 3 
presents a comparison between our obtained 
data and the Darcy friction factor correlation for 
circular and elliptical ducts in laminar flow, as 
well as the Nusselt number for the circular duct. 
As can be seen, the use of mesh M3 produces 
excellent predictions of the Darcy friction factor 
for various Reynolds numbers in both elliptical 
and circular ducts. Additionally, the obtained 

Nusselt number is highly satisfactory. Notably, at 
higher Reynolds numbers, our model's computed 
Nusselt number is lower than Bennett's 
correlation [67]. This is expected, as Bennett's 
correlation assumes constant heat flux 
conditions, whereas our configuration involves 
heat exchange with an external fluid, leading to a 
lower Nusselt number [67]. 

It is important to note that Bennett's 
correlation predicts the Nusselt number for 
laminar flow in a circular duct under constant 
heat flux conditions [67]. In our configuration, the 
duct exchanges heat with the external fluid, and 
constant heat flux does not apply. Hence, the 
Nusselt number should be lower compared to the 
case of constant heat flux, as predicted by our 
model. The figure serves as evidence of the 
accuracy and reliability of our numerical model. 

To investigate the performances of using 
elliptical duct as well as nanofluids in DPHE, we 
consider the following assumptions:  

▪ In the annular space, only the base fluid flows 
with constant inlet velocity and temperature, 
V0,an = 0.01 m/s and  T0,an = Th,i = 350 K, in all 
cases. 
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▪ The inner pipe can be either elliptical with 
β/α = 0.25 or circular, β/α = 1, where the 
geometrical characteristics are as shown in 
Table 1. 

▪ Only the base fluid flows in the circular inner 
pipe, whereas the non-Newtonian nanofluids 
flow within the elliptical duct so as to 
investigate the combined performances. 

▪ The inlet velocity in the inner duct varies 
from 0.01 m/s to 2 m/s within the boundary 
of laminar regime, and with fixed inlet 
temperature, T0,in = Tc,i = 300 K.  

▪ The MWCNTs loading in the base fluid varies 
from 0 to 3% wt. 

Using the M3 mesh setting for both elliptical 
and circular inner duct, and varying inlet velocity 
and the nanoparticles loading, the computed 
outlet temperature and the amount of heat 
exchanged are depicted in Fig. 4.  

 

 
Fig. 4. Evolution of the average outlet temperature (top) and 

the heat transferred (bottom) in the heat exchanger 
according to the inlet velocity 

As shown in the left curves, the use of elliptical 
duct decreases the outlettemperature of the hot 

fluid flowing in the annular space compared to 
the circular duct, and it decreases more as the 
inlet velocity increase. This means that the use of 
elliptical duct allows evacuating more heat 
compared to the circular duct, as shown in the 
right curves. Another remark is that by increasing 
the nanoparticles fraction, the amount of heat 
transported by the fluid increases also, due to the 
improvement in nanofluid thermal conductivity. 

Figure 5 depicts the heat transfer coefficient 
in the inner and the annular space (left curves), 
as well as the ratio to the heat transfer coefficient 
corresponding to the circular duct (right curves). 
The first observation is that the inner heat 
transfer coefficient increases with the velocity 
and with the nanoparticles loading. The use of 
elliptical tubes increases the inner heat transfer 
coefficient and reduces the outer one. The heat 
transfer coefficient ratio is computed based on 
the one corresponding to the circular inner duct 
with the base fluid flow. 

 

 
Fig. 5. Effects of velocity, geometry, nanoparticles 

concentration on the heat transfer coefficient (top) 
 and heat transfer ratio (bottom) 

As shown, the use of elliptical duct improves 
the inner heat transfer coefficient significantly, 
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and by up to 35% when nanofluid is used; 
however, the outer heat transfer coefficient 
decreases by almost 20%. With this data, it is 
impossible to tell whether there is an 
improvement in heat exchange or not. Since the 
two ducts have different areas of the heat 
transfer surface, we have computed the overall 
heat transfer coefficient multiplied by the heat 
exchange area, US.  

The results are depicted in the left-hand 
curves in Fig. 6, in addition to the ratio (right 
curves). We observe that in all cases, the elliptical 
duct exhibits an improvement ranging between 
20 and 25%, and of up to 29% when adding 
nanoparticles.  

 

 
Fig. 6. Variation of the overall heat transfer (top) and its 

ratio (bottom)in case of elliptical end circular duct 

More effective comparisons of the heat 
exchanger performance can be done by 
computing the number of transfer unit, NTU (Fig. 
7), and the effectiveness, ε (Fig. 8).  

As shown in Fig. 7, the NTU starts with a high 
value and decreases as the velocity increase till it 
reaches a certain minimum around Vin =0.1m/s, 
then it starts increasing. The same behavior is 

observed for the effectiveness in Fig 8. This can 
be attributed to the change in Cmin value as the 
velocity changes.  

At first the cold fluid (the one flowing within 
the inner pipe), which has a lower heat capacity 
compared to the hot fluid, is the one controlling 
the heat transfer. As the velocity increases the 
cold fluid heat capacity increases till a certain 
point, Vin ≈ 0.08m/s, where it becomes equal to Ch, 
in this phase, NTU and ε decrease with the 
increase of Vin. After this point the fluid 
controlling the heat transfer is the hot fluid, and 
the NTU and ε start to increase with the velocity.  

The second observation is that the use of 
elliptical duct enhances significantly both the 
effectiveness and the NTU. This can be attributed 
to the increase in the heat exchange area. The 
elliptical duct’s larger surface area compared to a 
circular duct with the same cross-sectional area 
promotes enhanced convective heat transfer, 
leading to improvements in NTU by 20 to 25% 
and effectiveness by 2 to 17%. The addition of 
nanoparticles to the base fluid generates 
additional improvements, of up to 30% in NTU 
and 20% in ε. 

 

 
Fig. 7. Variation of NTU with velocity and enhancement 
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Fig. 8. Effectiveness of the heat exchanger and  

enhancement using elliptical duct and nanofluids 

Since the elliptical duct has a larger exchange 
surface, technically, it will generate more 
pressure losses, thus it will require more 
pumping power. The pressure losses within the 
inner duct and the required pumping power are 
computed and depicted in Fig. 9.  

From the left-hand curves, we observe that 
the use of elliptical duct generates more pressure 
losses, and it increases with the nanoparticles 
loading for low velocity inlet. 

From MWCNT-water experimental data listed 
in Table 2, this nanofluid exhibits shear-thinning 
behavior with the addition of nanoparticles. As 
the MWCNT weight fraction increases, the 
consistency factor increases whereas the 
behavior index decreases. For low inlet velocity, 
the shear rate within the fluid is relatively low, 
hence, the apparent viscosity is at its highest 
value, which generates greater pressure losses 
compared to the Newtonian base-fluid. As the 
velocity increases, the shear rate increases also; 
due to the shear-thinning property, the apparent 
viscosity decreases, thus, it explains why at high 
velocity the pressure losses for the nanofluid 
with φ = 3% are lower compared to the base-fluid 
flow in the circular duct. 

 

 
Fig. 9. Pressure losses (top) and 

 pumping power (bottom) in the inner duct 

The right-hand curves in Fig. 9 depict the 
pumping power needed by the fluid to flow 
within the inner duct. For low velocity, despite 
the pressure losses, the needed power supply is 
relatively small for all fluids and ducts from the 
practical view. However, it increases 
exponentially with the velocity, and it is higher in 
case of base-fluid flow in elliptical duct. Due to the 
shear-thinning property of MWCNT-water 
nanofluid, the amount of required pumping 
power is reduced and in some cases is lesser than 
the case of base-fluid flow in circular duct.  

6. Conclusions 

In this chapter, we have conducted a 
numerical investigation on the effectiveness of 
the use of elliptical duct and nanofluids in DPHE 
for the case of co-current flow. The numerical 
solution was obtained through the use of the 
finite volume method with consideration of the 
non-Newtonian fluid flow. The comparisons with 
the performances of the circular pipe heat 
exchanger showed that elliptical duct can 
perform better in terms of the amount of the heat 
transferred, the outlet temperature, and the 
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overall heat transfer coefficient. It has been 
shown that replacing the inner circular pipe with 
an elliptical pipe improves the number of transfer 
units up to 25% and the effectiveness up to 17%. 
Adding nanoparticles to the base fluid improves 
the amount of the transferred heat and improves 
the NTU by up to 30% and ε by up to 20%. 

One inconvenience that has been reported is 
that elliptical ducts generate more pressure 
losses; however, the use of non-Newtonian 
nanofluids reduces this losses and can be more 
beneficial compared to the base-fluid flow in a 
circular duct. This is mainly due to the shear-
thinning effect caused by the addition of 
nanoparticles. 

The combination of elliptical ducts and non-
Newtonian nanofluids offers significant potential 
for practical applications in industries such as 
chemical processing, HVAC systems, and 
renewable energy systems, where enhanced heat 
transfer efficiency and reduced energy 
consumption are critical. This approach provides 
a passive, cost-effective solution for optimizing 
heat exchanger performance, contributing to 
energy conservation and sustainable design. 

Nomenclature 

a, b Ellipsis major and minor semi-axes’ length (m) 

C Heat capacity (W/s.K) 

Cp Specific heat (J/kg.K) 

Dh Hydraulic diameter (m) 

Dext External pipe diameter (m 

h Heat transfer coefficient (W/m².K) 

K Consistency factor of the power law model 
(Pa.sη) 

L Duct length (m) 

m  Masse flow rate (kg/s) 

M Mesh configuration 

Nu Nusselt number 

NTU Number of thermal Unite 

p Pressure (Pa) 

Q Heat exchanged (W) 

S Heat exchange surface (m²) 

T Temperature (K) 

T0 Inlet and wall temperature (K) 

v Volume (m3) 

U Overall heat transfer coefficient (W/m²K) 

V Velocity field (m/s) 

x, y, z Space coordinates (m) 

Greek symbols 

 Shear rate 

ε Effectiveness 

Γ Wall surface (m²) 

η Flow behavior index of the power law model 

κ Thermal conductivity (W/m.K) 

Λ Cross-section area (m²) 

μ Dynamic viscosity (Pa.s) 

 Normal vector 

ρ Density (kg/m3) 

φ Nanoparticles weight fraction (%) 

Subscripts 

an Annular space 

av Average 

b Bulk 

c Cold fluid 

h Hot fluid 

i Inlet 

in Inner space 

min Minimum 

o Outlet 

w Wall 

Superscripts 

͞ Integral average 
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